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1. Introduction

In the preceding chapters of this book we have seen that in terms of
molecular theories?:2 one can calculate and successfully explain various
properties of meosphase transitions. However, there exists a class of
liquid-crystal phenomena involving the response of bulk liquid-crys-
tal samples to external disturbances, with respect to which the use-
fulness of a molecular theory is not immediately obvious. These phe-
nomena are usually distinguished by two characteristics: (1) the ener-
gy involved, per molecule, in producing these effects is small com-
pared to the strength of intermolecular interaction; and (2) the char-
acteristic distances involved in these phenomena are large compared
to molecular dimensions. In describing these large-scale phenomena,
it is more convenient to regard the liquid crystal as a continuous me-
dium with a set of elastic constants than to treat it on a molecular
basis. Based on this viewpoint, Zocher,3 Oseen,? and Frank® devel-
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oped a phenomenological continuum theory of liquid crystals that is
very successful in explaining various magnetic (electric) field-induced
effects. It is the purpose of the present chapter to develop this elastic
continuum theory for nematic and cholesteric liquid crystals and to
discuss and illustrate its use. In this paper, the derivation of the fun-
damental equation of the elastic continuum theory is followed by the
application of the theory to four effects: (1) the twisted nematic cell,
(2) the magnetic (electric) coherence length, (3) the Fréedericksz
transition, and (4) the magnetic (electric) field-induced cholesteric—
nematic transition.

2. The Fundamental Equation of the Continuum Theory of Liquid
Crystals '

In earlier chapters we have seen that liquid crystals are characterized
by an orientational order of their constituent rod-like molecules, 267
In nematic liquid crystals this orientational order has uniaxial (cylin-
drical) symmetry, the axis of uniaxial symmetry being parallel to a
unit vector 71, called the director. Let us now consider a very small
spatial region inside a macroscopic sample of nematic liquid crystal
that contains a sufficiently large number of molecules so that the
long-range orientational order is well defined within that region.
Such a spatial region can be characterized by a director pointing
along the of local axis of uniaxial orientational symmetry. Let us
imagine the division of the macroscopic sample into such small spa-
tial regions. In each of the regions, we define an orientational direc-
tor. In this manner the macroscopic sample of nematic liquid crystal
can be characterized by a local director at every spatial “point,”
where we use the term point loosely to mean a small region of space
as defined above. Obviously, this characterization of orientational
order by a director field, A (#), is not limited to nematic liquid crys-
tals, which we have used as an example in the above discussion. In
fact, the director-field characterization can be applied equally well to
cholesteric liquid crystals, since, locally, cholesterics also possess uni-
axial symmetry in their orientational order. However, for conve-
nience, we will continue to use nematic liquid crystals as our refer-
ence in the following discussion. The generalization of the theory will
be made at appropriate places to permit application to cholesteric
liquid crystals. In what follows, we first consider the free energy asso-
ciated with a distortion in the director field. Next, we examine the
free energy associated with the interaction of liquid crystals with ex-
ternal fields. The combination of all the free-energy contributions
then yields the fundamental equation, which is an expression for the
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total free energy of a sample of nematic or cholesteric liquid crystal in
an external field.

The starting point for the development of continuum theory is the
consideration of the equilibrium state. In nematic liquid crystals,
parallel alignment of all the local directors represents the equilibrium
state, or the state of minimum free energy. However, when we pert-
urb the system by pinning the surface directors to the walls of the
container, applying an external field, or introducing thermal fluctua-
tions, the local directors will no longer be spatially invariant. A quan-
titative formulation of the above statements is that the quantities
dn./dxg, (where x is the spatial variable and the subscripts a,8 =
1,2,3 denote the components along the three orthogonal axes of the
Cartesian coordinate system) are zero for the equilibrium state but
are nonzero for some, or all, values of a and 8 when the system is dis-
torted. In other words, we can think of dn,/dx g as the distortion pa-
rameters, and the equilibrium state is given by the uniformly aligned
state for which dn,/dxg = 0 everywhere. Since the distorted state
represents a state with higher free energy than the equilibrium state,
we can write the free-energy density of the distorted state as

f(distorted) = f(equilibrium) + Af, 1]

where f and f, are the free-energy densities of the distorted and equi-
librium states, respectively; Af (>0) is a function of the n, and the
dn,/dx g that vanishes when all dn,/dxg = 0. Since, in general, dn ./
dxg « (molecular dimension)~! for the phenomena of interest, we
can expand Af as a power series in the n, and the dn,/dx g and retain
only the lowest-order nonvanishing terms of the series. Let Fp (sub-
script I stands for distortion) denote such an approximation to Af.
% p must satisfy several requirements. First, since we are expanding
in powers of the dn,/dx g around dn,/dxg = 0, which is a free-energy
minimum, the lowest-order nonvanishing terms must be quadratic in
the dn ./dxg (i.e. proportional to terms of the form (dn./dxg) - (dn./
dx;)). Second, since the “head” and the “tail” of a nematic director
represent the same physical state, §p must be even in the n . Third,
Fp must be a scalar quantity. In addition, we will discard terms of
the form V - it(7) where &i(7) is any arbitrary vector field, since they
represent surface contributions to the distortion free-energy density
and are assumed to be small (by Gauss’s Theorem, [V -a(#)dV =
fdé-u(?), where dé is a surface element with unit vector perpendic-
ular to the surface). With the above constraints, it can be shown5 that
Fp contains only three linearly independent terms. They are (1)
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[V-a(#)]2 (2) [AF) - V X AF)]2, and (3) [A(F) X V X A(F)]2 Tt is ob-
vious that all three terms satisfy the requirements stated above. In-
terested readers are referred to Refs. [5] and [8] for proofs that these
three terms are indeed unique. In Fig. 1 we show the physical distor-
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Fig. 1—Three types of distortion in a director field: (a) gives V * A7} = 0, (b) gives
A(F) » V X A(F) # 0, and (c) gives A(F) X V X a(F) 7~ 0. Each director is
shown with double arrows in order to indicate that the “head’” and the “tall”’
directions represent exactly the same physical state in a nematic sample.

tions of the director field associated with the three terms. The first
term is called “splay,” the second term “twist,” and the third term
“bend.” Fp can now be written as

Fp= %gKu[V';\l(_r')]z + K22[?L(_7:)'V X ;i(_‘r):F
+ Koln(r) X V X 2(n73, (2]

where the constants K11, Ko9, K33 are, respectively, the splay, twist,
and bend elastic constants and are named collectively as the Frank
elastic constants. The factor % is included so that the K’s may agree
with their historical definitions. Since Fp must be positive in order to
give stability for the uniformly aligned state, all the K’s must be posi-
tive. As for their values, we note that the theoretical determination of
the K’s from molecular parameters represents a task of linking the
continuum theory to the microscopic theories of liquid crystals and is
beyond the scope of the present paper. However, from dimensional
analysis we can get an order-of-magnitude estimate of what the
values of the K’s should be. Since the K’s are in units of energy/
length, we must look for the characteristic energy and length in the
problem. The only energy in the problem is the intermolecular inter-
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action energy, which is estimated* to be ~0.01 eV, and the only suit-
able length is the separation between two molecules, which is ~10 A.
Therefore, K =~ 10~7 dyne, in order-of-magnitude agreement with
measured values® of 1077-107¢ dyne. The K’s are also temperature
dependent. In fact, it can be shown? that the temperature depen-
dence is of the form K ~ <Ps(cos 0)>2, where < > denotes averaging
over that small volume of the sample that is characterized by a local
director A(F), Pq is the Legendre polynomial of second order, and O is
the angle between any molecule (inside the volume where the average
is taken) and the local director A(#). < Ps(cos O) > is just the local
order parameter measured with A(7) as the axis of symmetry. The de-
pendence of the K’s on the square of the local order parameter is
plausible if one thinks of the K’s as the macroscopic analog of the an-
isotropic intermolecular interaction constants, the difference being
that, in place of molecules, we have small volumes of the sample with
well-defined long-range orientational order. In such an analogy
<Ps(cos 0)> plays vhe role of a (temperature-dependent) dipole
strength of the molecules.

Suppose now the sample of nematic liquid crystal is placed under
the influence of a magnetic or an electric field. Because the liquid
crystal molecules are generally diamagnetic, electrically polarizable,
and anisotropic in their magnetic and electric properties, the applica-
tion of a field usually contributes an amount of free-energy density
which is opposite in sign to that of the distortion free-energy density
(because fields help align molecules). Let us first discuss the magnet-
ic field contribution. Consider again a small region of the sample
characterized by a local director /(7). The diamagnetic susceptibility
per unit volume in such a small volume is usually anisotropic. Let x|
denote the susceptibility per unit volume parallel to A(#) and x ; de-
note the susceptibility per unit volume perpendicular to A(7). The
difference, Ax = x| — x ., is a measure of the local anisotropy. As
shown in Ref. [6], Ax is equal to N < Py(é0s 0) > ({ — ¢1), where N
is the number of molecules per unit volume, < Py(cos 0) > is the ori-
entational order within the small region under consideration, and
¢i(¢ 1) is the diamagnetic susceptibility of a single rod-like molecule

* The intermolecular interaction energy responsible for the nematic
ordering can be estimated from the latent heat of isotropic-nematic
phase transition AE =~ 300 cal/mol ~0.01 eV/molecule (see, for ex-
ample, G. H. Brown, J. W. Doane, and D. D. Neff, A Review of the
Structure and Physical Properties of Liquid Crystals, p. 43, CRC
Press, Cleveland, Ohio, 1971).
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parallel (perpendicular) to its long axis. In the following we will as-
sume that x; > x, (i.e., positive anisotropy) and that the value of
<P3(cos ©) > is uniform throughout the volume of the sample,
implying that Ax, K11, K22, and K33 have no spatial dependence. In
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Fig. 2—Orientation of the local axis of uniaxial symmetry with respect to the external
magnetic fleld direction.

Fig. 2 we show the relative directions of magnetic field H and local
director 7i(7). The induced diamagnetic moments per unit volume
parallel and perpendicular to A(7) are, respectively,

M, = HX cosb,
M = HXlsinH.

The work done by the field per unit volume is
Wmagnetic = fH(TMl'SinH _MI’COSG)dH,
0
H2
= — 5 (X_+ Axcos’f).

Discarding the spatially invariant term, —HZ2x, /2, we obtain the
magnetic field contribution to the free-energy density

§y = —é;[ﬁ-ﬁ(?)]z. - [3]

Using similar arguments as above, we obtain the electric-field contri-
bution to the free-energy density

Fp = —%;[73-5(7)}2, | [4]

where Ac = ¢| — ¢ is the difference between the local dielectric con-
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stants in directions parallel and perpendicular to the local director.
Values of Ax and Ae typically range from 10-7-10~6 cgs units for Ay
and 0.1-1 for Ae.

At this point we make a slight generalization so that the theory can
be applied to cholesteric liquid crystals as well. The basic difference
between cholesteric and nematic liquid crystals lies in the fact that
the equlllbnum state of cholesterics is characterized by a nonvanish-
ing twist in the direetor field. If we denote the cholesteric helical axis
as the x -axis, the equilibrium state is characterized by

n, =0,
= cos(mwx/Ay),

n, = sin(wx/Ay),

where A is the pitch of the helix. Using this representation of the di-
rector field, the twist term, [A(7) -V X A(#) ]2, is calculated to be (x/
Ao)2. This suggests that the twist part of free-energy density for the
cholesteric liquid crystals should be expanded around |A(7%) - V X
A(#)| = m/No, where || is the absolute value sign. In fact, it can be
shown?® that the appropriate form is [[A(F) - V X A(#)] — 7/\o]2.

We are now in a position to combine all the free-energy density
terms to give a total free-energy density F of the system under exter-
nal fields:

F= Fp + gy + Fg
= %{K“[V-BG)P + K22[ ;l(_':)'v X 71(;}

_Ty
~)

+ Kuli() X ¥ X 20} — AXHA0OPF - AdERDF] (5]

The total free energy of the sample is given by

F = f&rdsr. (6]

volume
of the sample

Egs. [5] and [6] are the fundamental equations of the elastic contin-
uum theory of nematic and cholesteric liquid crystals (for nematics Ao
in Eq. [5] is set equal to «). In the following section we use the funda-
mental equations to solve four examples as illustrations for their ap-
plications.



110 CHAPTER 8

3. Applications of the Elastic Continuum Theory

The basic principle involved in the application of the fundamental
equations to the solution of actual problems is that the equilibrium
state of the director field is always given by that director configura-
tion that minimizes the free energy of the system with specified
boundary conditions.

Before getting into actual calculations we first simplify Eq. [5] by
setting K11 = K3 = K33 = K. This greatly facilitates the mathe-
matics but does not affect the qualitative behavior of the results. Ne-
glecting the term 7/\q for the moment, we have

5 = g{[v.g@]z + [a(MV X a(DF + [A() X V. X a(A)
— A - 4 FEROT
- Kliv it + (v x 7p - SR
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Fig. 3—The geometry of a 90°-twisted nematic cell.

3.1 Twisted Nematic Cell

In Fig. 3 we show a planar cell containing nematic liquid crystal, two
of whose bounding walls are rubbed or otherwise treated so that the
directors near the walls are pinned in the directions shown. Since the
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directors at the two walls are perpendicular to each other, the local
nematic directors must undergo a 90° twist in passing from one wall
to the other. The question is how this twist is distributed across the
cell, i.e., should the distribution be uniform or nonuniform? To an-
swer this question, we must calculate the free energy of an arbitrary
twist pattern with the specified boundary conditions. The correct
twist pattern is then given by that director configuration that mini-
mizes the free energy of the system. Assuming all the directors lie in
the y-z plane, we write

ne =0,
n, = sinf(x),
n, = cosf(x).

From this representation of the director field, it is easily calculated
thatV A(F) =0and V X A(7) = (db(x)/dx)[sind] + cosfk ], where we
use i, ],ﬁ to denote the unit vectors in the x,y,z directions, respective-
ly. Using Egs. [6] and [7], we obtain

- derI—([v X R(OF
K(p, [d(}(x)]

_ KA f |:d0( x):l (8]

thickness
of the cell

where A is the area of the cell in the y-z plane. T'o minimize F, we re-
call that if one wants to minimize the value of an integral

I —fG(y( ), 22z )a’x

by varying the functional form of y(x), the optimal function y(x)
must satisfy the equation

66 _ d 46
dy dx a(d_y
dx

=0, (9]

which is called the Euler-Lagrange equation. In our present case 0
corresponds to y, and G = [df(x)/dx]? the application of Eq. [9]
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yields d28(x)/dx% = 0, or d8(x)/dx = C, where C is an integration
constant that can be determined by the boundary condition CX (cell
thickness) = £#/2 (+#/2 is indistinguishable from —x/2 for nemat-
ics). This is the result we are looking for. It tells us that the twist will
be uniformly distributed across the cell. However, because df/dx can
be either + or —, the twist can be either left handed or right handed.
In an actual 90°-twisted nematic cell, both senses of the twist are
usually present, a fact that is indicated by the existence of visible
disinclination lines separating regions of opposite senses of the twist.

3.2 Magnetic Coherence Length

The geometry of this problem is shown in Fig. 4. A semi-infinite sam-
ple of nematic liquid crystal with positive anisotropy is bound on one
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Fig. 4-——Distortion of the director field when the molecules are pinned to the wall per-
pendicular to the external magnetic field direction. The nematic molecules
are assumed to be diamagnetic with positive anisotropy.

side by a wall that is treated so that the directors near the wall are
pinned along the z-direction. A magnetic field is applied along the x-
axis, so that far away from the wall the directors would lie along the
field direction. There is a transition region near the wall where the di-
rectors gradually change from one direction to the other. The prob-
lem is to find the characteristic length of that transition region. From



ELASTIC CONTINUUM THEORY 113

Fig. 4 we have

n, = cosf(x),
ny = 0,
n, = sinf(x).

Straightforward calculation gives

[V n(r)]2 = szo[dg(x)]’

AX — ~—
~SXEADE = ~ SETH costix)]-

Substiyution into Eq. [7] yields

PSS - Sowener) w0

where A is the area of the bounding wall. Application of the Euler—
Lagrange equation to Eq. [10] gives an equation for the 6(x) that
minimizes the free energy of the system:

K d%(x)
H?AX dx?

— sinf cosf = 0. [11]

The combination K/(H 2Ak)() has the dimension of (length)2. We de-

fine
1 /K
gM = I_'ﬂ/A:X [12]

as the characteristic distance of the problem. Eq. [11] can now be re-
written as

sinfcosf df d%ﬂ _1d ( )
TE? dx | dxidx 2dx \dx

sinf dsinf - 1d (gg)“’

EZ dx - 2dx \dx

or

11 dsin®f _14d Q)z
262 dx 2dx(dx

[13]
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Integration of Eq. [13] yields

doy: _ (st
( 9 =) +c
The constant of integration is fixed by the condition that as x — ,

9 — 0 and d8/dx — 0. Therefore C = 0, and
dé sinf

dr = T By

Choosing the — sign for x > 0 and integrating once more, we have

(o) &

or

0(x) = 2 arctan[exp{—x/£m}], where x = 0. [14]

Eq. [14] is plotted in Fig. 5. As we can see, £y is the characteristic
length scale below which the magnetic field does not have much in-
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Fig. 5—TIit angle (deviation from the field direction) of the direcior field plotted as a
function of distance from the wall. The distance Is measured in units of mag-
netic coherence length, which Is the characteristic length of magnetic phe-
nomena in nematic lquid crystals.

fluence on the relative orientations of the directors. Another way of
saying the same thing is that £y defines the scale of magnetic phe-
nomena. ¢y is usually called the “magnetic coherence length.” For K
~ 1078 dyne, Ax ~ 10~7 cgs units, and H ~ 10kOe, £m is about 3 pm.
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Suppose now that in place of the magnetic field an electric field is
applied. If impurity conduction and other dynamical effects are ne-
glected, the problem is qualitatively the same, and a quantity g can
be obtained which is the exact analog of £y. Substitution of Ae/4w for
Ax and E for H in Eq. [12] gives

1 /4K
£E=E "AT. [15]

Setting ém = £g, we can compare the relative effectiveness of magnet-
ic and electric fields in orienting the nematic directors. The relation
is

4w AX

A H (16]

E=

Taking H = 1 Oe, Ax ~ 1077 cgs unit, and Ae ~ 0.1, we have

47AX - 1 statvolt
Ac H =~ 110 SH ~ 300 om =1 V/em.

E

Therefore, one oersted of magnetic field is equivalent to the order of
one volt/cm of electric field in terms of effectiveness in orienting the
nematic liquid crystals.

3.3 Fréedericksz Transition

Consider a planar cell of nematic liquid crystal with directors on both
surfaces anchored perpendicular to the walls as shown in Fig. 6. It
was first observed by Fréedericksz!® in 1927 that such a cell would
undergo an abrupt change in its optical properties when the strength
of an external magnetic field, applied normal to the director (z-direc-
tion in Fig. 6), exceeded a well-defined threshold. (In the original ex-
periment one wall of the cell was concave in shape so as to give some
variation in the cell thickness.) Fréedericksz further noted that the
strength of the magnetic field at threshold was inversely proportional
to the cell thickness d.11 This Fréedericksz transition is now a well-
studied phenomenon, and has found applications in liquid-crystal
display devices. The transition is essentially due to the magnetic
alignment of the bulk sample directors at sufficiently high field
strength. However, both the abruptness of its onset and the relation-
ship between the threshold field strength and the cell thickness are of
theoretical and practical interest. Here we will use the continuum
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theory to calculate the various properties of the Fréedericksz transi-
tion. From Fig. 6 we get

n, = cosf(x),
n, 0,
n, sinf(x ).

I
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Fig. 6—Local nematic directors in a Fréedericksz cell when H > Hg. Dotted lines Indi-
cate the equivalent tilt configuration of the directors. Tiit angle 0 is defined
as shown.

. -From these expressions one obtains

- o~ [dB)T
[V-a)TE + [V X n(n)? = [ fl(;)]’

and

- AX .
—%[H.,,(r)y = ——K—H2s1n20.

Substitution into Eq. [7] and application of the Euler-Lagrange
equation results in

82 L0 4 sinfeosd = 0 1
MEx—é smbec = L - [7]

Using the same manipulations as those for Eq. [11], we get
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(@)

The constant of integration C is obtained by noting that, from the
symmetry of the problem, df/dx = 0 at x = 0. Defining 6(x = 0) as fum,
we get C = sin20p/Em?, and

9 _ 1 fsiny - s, (19]
dx

M

where the + sign corresponds to the solution in region x < 0 and the
— sign corresponds to the solution in region x > 0. Since the solution
is symmetric about x = 0, we will choose the + sign in the following
calculations. Integration of Eq. [19] yields

8(x)

dx f de’
sin20y — sin%§’

2

or *x)

L(t_i ) - [ —d
Ea\z T ¥ jsinfn = f/f_[W]
sinf

M

[20]

where —d/2 < x < 0. The solution of Eq. [20] will proceed in two
steps. First Oy will be determined as a function of {m (or of H, since
tMm= VK /Ax/H). Then this p(H) can be substituted back into Eq.
[20] for the solution of #(x-) as a function of H.

From the definition of 8y we get

sm0M = f a8, . [21]
/ ( sinf’ )
sinfy
This equation can be solved graphically as in Fig. 7 by plotting, as a
function of sinfp, the left- and right-hand sides on the same graph
and locating the points of intersection. By expanding the integral on

the right-hand side of Eq. {21], denoted here as L (sinfy), for small
values of O, we get the slope

dL (sinfy)

™
d sinfy lp -0 2°

Therefore, for d/(2ém) < 7/2 the only solution of Eq. [21] is 6m = 0.
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However, when d/(2tym) > 7/2, a second solution with Om = O'is ob-
tained that gives lower free energy than the fm = 0 solution. The crit-
ical magnetic field Hr for the transition is found by equating d/(2£y)

4.0~

30k el 'f%__‘(t%z

L{sin By}

2.0+

d .
Ze—MsmBM

o 1 1 L ! 1

2 4 3 8 1.0
sin By

Fig. 7—Graphical solution of Eq. [21].

and /2. Substitution of vVK/Ax/H for £y gives

/K 7w

which agrees with Fréedericksz’s observation that the threshold field
strength varies inversely with the thickness of the sample. The form
of Eq. [22] can be understood by a simple plausibility argument. In
section 3.2 we have seen that the magnetic coherence length £y can
be thought of as that length below which the magnetic field does not
have much influence on the relative orientations of the directors. By
applying this interpretation of §M to our present example it is clear
that only when £y < d/2 would it be possible for the magnetic field to
have significant influence on the orientations of the directors. There-
fore, we would estimate

/K
Hy >~ Axd’
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Fig. 8—Tilt angle of the directors at the center of Fréedericksz cell, O, plotted as a
tunction of reduced field H/Hg. For H/H slightly greater than 1, Oy behaves
as ~(H/Mg — 1)V2,

which differs with the exact result only by a factor of «/2. In Fig. 8,
M is plotted as a function of H/Hf. For H ~ Hp, Eq. [21] can be ex-
panded around 6y = 0 to give Om o (H — Hr)V/2.

Having obtained 8p(H), we can now determine 6(x) as a function
of H. By writing d/2&y = #H/2HF, Eq. [20] is put in the form

9x)

H 2x\ . ’
%m( + 7)81“% - — (23]
Y (smﬁ’ )2
1—{=
sinfly

" The right-hand side can be numerically integrated on computer, and
the results 8(x) are plotted in Fig. 9 for three different values of H.

8 8

HEHg t H=2Hg t H=4H;
r 90° 1 r 90° 1
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F 30° - 30° A
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F o 10° 109
-1 s} +| o -1 [¢) +| 0° -1 0 +|
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d d d

Fig. 9—TIit angle of the directors plotted as a function of position in a Fréedericksz
cell for three different magnetic field strengths.
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’
The Fréedericksz transition can be induced by an electric field as
well as by a magnetic field. The threshold electric field in that case is
given by

T /4rK
Ee = 5V A [24]

r K :
Ve =‘E'Fd= TV A ’ [25]

or

For K ~ 10~% dyne, Ax ~ 10~7 cgs unit, Ae ~ 0.1, the critical magnet-
ic field Hp is ~ 10 Oe for d ~ 1 ¢m, and the critical voltage is ~ 10 V
independent of cell thickness.

To conclude the discussion of the Fréedericksz transition, we note
that for H > Hp (V > Vy) there are two equivalent tilt configura-
tions of the directors, denoted by the solid and the dotted lines in Fig.
6. In practice, for H > Hr (or V > Vi) both tilt configurations are
usually present, and regions of different tilt patterns are separated by
visible disinclination lines.

’

X /Y
END VIEW

Fig. 10—Two views of the local directors in a cholesteric liquid crystal. In order to In-
duce the cholesteric-nematic transition, a magnetic field H is applied per-

pendicular to the cholesteric helical axis. The angle 0 used in the calculation
Is defined as shown.

3.4 Field-Induced Cholesteric-Nematic Transition

Consider a sample of cholesteric liquid crystal placed in a magnetic
field H, with the field direction perpendicular to the cholesteric heli-
cal axis as shown in Fig. 10. From Egs. [5], and [6], the free energy of
the system over one period (or pitch) of the helix, ), can be written as
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FR VAL

vl 5 |, (Y X n(r)

_rf _ Ax 2~2}
}\0] K)2H sin%f ¢, [26]

where A is the area of the sample in the y-z plane, assumed to be a
constant, Ag is the pitch of the cholesteric helix at H = 0, 8 is the
angle between a local director and the y-axis as defined in Fig. 9,and
x = 0 is defined by any point at which 8 = 0 (or 7). With

ny = O,
n, = cosf(x),
n, = sinf(x),
we have
A(n Y x A(p) = 26

and

FQ) — Ku {[dg _ 1]2 _ AXstinZB}
A 2k d dx Ao K ) [27]
Here, we have to remember to take the absolute value of d#/dx. Ap-

plication of the Euler-Lagrange equation yields

EMZ(%Z + sinfcosf = 0,

which, as seen previously, can be put in the form

(#) - &l )

where k2 is an integration constant. At H = 0, it follows from Eq. [27]
that (d6/dx) equals a constant, (w/Ao). Therefore, & must behave as
~H for H — 0 in order to cancel the H2 from 1/£pm2 in Eq. [28]. Writ-
ing Eq. [28] in the form

g, 1

= —_ —_— 2ain2
I = ikEM 1 — kZ%in?, [28a]

we note that for finite values of H, df/dx is no longer a constant.
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Plotting the z-component of the local director, n, = sinf(x), as a
function of position along the helical axis (x-axis) reveals that the si-
nusoidal pattern for n,(x) at H = 0 becomes distorted at finite values
of H as shown in Fig. 11. The distortion makes n,(x) more square-
wave-like and lengthens the pitch of the helix. Both of these effects
can be understood on the basis that alignment along the magnetic

Ing| H=0
8
| 1 -
0 1.0 15
x
Ao
H=09H, A= 12120
Ing|
8
4
| 1 "
° 5 1.0 1.5
X
Ao

Fig. 11—Component of the cholesteric local director along the external field direction
(z) for two different magnetic field strengths. Note that at finite field strength
the helical pitch is lengthened and the sinusoidal shape of the curve at H =
0 is distorted, becoming more square-wave-like.

field direction lowers the energy of the system. The + signs for d8/dx
indicate the two possible senses of the helical twist. Since they are
equivalent, we choose the + sign in the following calculation. From
the expression for d6/dx we can get an expression for the pitch \:

A = Ofdx N d0 fm
- %M’ef“—‘ﬁm =

At this point, it becomes necessary to know k2 as a function of H. To
do that, we must substitute Eq. [28a] back into Eq. [27] and minimize
the average free-energy density by varying k2. Let us rewrite Eq. [27]
as
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2o - & [ 1]
M

g0 K AN

_ Sin20 ) 30
qo2ént/ (0]

where g is a dimensionless average free-energy density and ¢ =
m/Mo. Substitution of Eq. [28a] for dx/d# and expanswn of the terms
in the integrand gives

g=1-2% 4 fdﬂVl—k2sm2 - — 31

Ago k)\EMqo k? 28 2

Detailed steps leading from Eq. [30] to Eq. [31] are given in the Ap-
pendix. Differentiation of g with respect to k2 yields

Eié 2 d\ 2 1 d\ [
dk? Aigodk? kA%, quOdk2

1
X Y1 — k2sin?f +k“qo2 3

Bl kigo s

_drx 2/ 1 - T 2)
= T Azqo(ﬂ- kEMon; doV1 — k*sin2 [32]

The desired equation for determining 2 as a function of H is ob-
tained by setting dg/dk2 = 0

. H
K,, m 21 -
Emqo = -A%H—ko = ;;[dBVI — k2sin?. [33]
Define
Bl = f |/1 - k2s1n2
Efk) = j; doyY1 = K sin’d ,

where E; and Eq are the complete elliptic integrals of the first kind.
and the second kind, respectively. Egs. {29] and [33] can be put in the
form

= 2£ M k E l(k)9
and
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Combining the two equations yields

A 4
N - mERIESR). (34]

E1(k) diverges at k = 1. Therefore, A/A¢ diverges at a field given by
Eq. [33]:
7 Eum 2

2
N TR g

qv

which defines a critical magnetic field

[ Kp 7
Ho = 2o [35]

If one takes K55 ~ 1076 dyne, Ax ~ 10~6 cgs units, Ag ~ 1074 cm, H,
is ~50 kOe. A similar threshold can be obtained if the magnetic field
is replaced by an electric field:

_ 47TK227"_2 36
B =V 75 o [s6]

Eqgs. [29], [33], [34], and [35] were first obtained by de Gennes.12 In
terms of H,, Eq. [33] can be put in the form

(4

H
k= EAk) [33a]
q k k) »

For H > H_ this equation has no solution. When H < H,, the values
of k ranges from 0 to 1 as plotted in Fig. 12. In Fig. 13 we show a plot
of A/Ao vs. H/H,. At H = H, the pitch diverges and the cholesteric
phase transforms into the nematic phase. Experimentally this curve
is well verified.13.14

Finally, it should be noted that if the field is initially applied paral-
lel to the helical axis, the cholesteric helix would usually rotate at H
< H; so as to make the field perpendicular to the helical axis. There-
fore, the geometry shown in Fig. 10 is always the situation seen exper-
imentally just before the field strength reaches the cholesteric-nema-
tic transition threshold.14
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Fig. 12—Solution of Eq. [33a].

4. Concluding Remarks

The above discussion of the continuum theory of liquid crystals is by
no means complete. There exist many more effects that can be de-
scribed by the continuum theory, either in its present or modified
form. In view of the diverse applications of the theory, the selection

Fig. 13—Ratio of the helical pitch in finite field to the pitch In zero field, /), plotted
as a function of reduced fieid H/H.. The divergence at H/H. = 1 is logarith-
mic In nature.
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of the four examples discussed in this chapter is based on the consider-
ation that they all have practical relevance to liquid-crystal display
devices. It is hoped that their description by the continuum theory
can, on the one hand, demonstrate the power and the flavor of the
theory and, on the other hand, complement the discussion of the de-
vice physics aspects of these effects in other papers of this series.

Appendix

In this appendix we show the steps leading from Eq. [30] to Eq. [31].
From Eqgs. [28a] and [30] we have

. lf"do kéu {1 _ 2/1 — k%in’
Ao Y1 = Esing kqofu
1 — k%in20 sin%f
T QOZEMZ}

+

o2

kaf ' +
Vl - k251n A‘10 kAquO
T A
—_— 2cin2f — —— in2
x ["d#y1~k%in qOZAEM'-’ [Pax sins. . [37]

By writing sin%0 = (1/k2) — t¢m%(d6/dx)?, the fourth term in Eq. [37]
can be simplified as

D S (S ( )
‘102)\£M2j<; dxsin’d = k2 25M (I02>\f

1

_ — 1 —_ b2ain2
sV ﬁ doV1 = k*sin0 [38]

Therefore,

_ 4. 2 E XY,
g=1-24 k)\EMq fdal/ Risin?d — [39]

Ago EMT
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