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We report negative refraction imaging for acoustic waves in a two-dimensional phononic crystal. The sample
consists of a triangular array of steel rods immersed in water. Both the observed negative refraction behavior
and imaging effect are in excellent agreement with numerical simulations by the multiple scattering theory
method. The existence of nearly circular dispersion surfaces for the phonic crystal sample means that the
negative refraction is well defined for all angles of incidence, and very robust in its realization and application
to focusing and imaging.
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I. INTRODUCTION

The negative refractive index was first proposed as a the-
oretical possibility in the 1960’s.1 A negative refraction index
would allow a flat slab of a material to behave as a lens.2

There are two types of negative refraction. The first type has
simultaneous negative permittivity and negative
susceptibility3 and the other type arises from the negative-
definite photonic effective mass,4,5 in which the photonic
crystals have an effective refractive index �ERI� controlled
by the band structure.

Recently, the negative refraction behavior and imaging
effect in photonic crystals have been experimentally
observed.5–11 Negative-refraction and imaging effects of a
water surface wave by a periodic structure were also theo-
retically and experimentally demonstrated recently.12 The
anomalous features of negative refraction open the door to a
variety of applications. The interest in photonic crystals mo-
tivates the search for analogous phenomena in phononic
crystals,13–23 which are the elastic and acoustic analogs of
photonic crystals.14,15,18 In particular, Yang et al.18 have re-
cently demonstrated the focusing of ultrasound by a three-
dimensional phononic crystal, both experimentally and theo-
retically. In this work, we present a study on the negative
refraction and imaging effect by using a two-dimensional
�2D� phononic crystal. The advantage of the 2D system is
that it has nearly circular �equifrequency� dispersion sur-
faces, which makes the negative refraction effect very robust
and easily realizable. The measured results are shown to be
in excellent agreement with the theory. We have adopted the
first-principle multiple scattering theory �MST�,24–26 both to
calculate the phononic crystal band structure in the recipro-
cal space, and to perform numerical wave simulations as a
guide to the experiments. The experimental verification of
negative refraction is a step toward the realization of a “su-
perlens” in the acoustic field.

II. EXPERIMENT AND DISCUSSIONS

Our phononic crystal consists of a triangular array of steel
rods in water. The lattice constant is a=1.5 mm and the di-

ameter of the steel rods is d=1 mm. An understanding of
negative refraction behavior in a photonic crystal or a
phononic crystal can be achieved by looking into the band
structure and the equifrequency surface �EFS� of the
crystal.17,27–30 Figure 1�a� shows the band structure of this
2D phononic crystal along the �M direction. The circle dot
represents the calculation by the MST method and the solid
curves are the experimental result. To obtain the band struc-
ture experimentally, we measure the phase delay caused by
the sample by directly fast-Fourier transforming the input
and transmitted pulses and calculating the phase difference at
each frequency. The phase delay is then used to determine

FIG. 1. �a� Band structure for the phononic crystal consisting of
a triangular array of steel rods in water; �b� EFS’ for frequencies at
the second band, moving inward with increasing frequencies.
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the phase velocity of the acoustic wave propagating in the
phononic crystal, from which the dispersion relation or the
band structure is determined. There is a detailed description
for the measurement of the band structure for acoustic waves
in phononic crystals in Ref. 31. As can be seen in Fig. 1�a�,
there is a band gap for frequencies from 0.43 to 0.63 MHz.
At a given frequency, the resulting intersection of the band
structure defines the EFS. Figure 1�b� shows the EFS for
some frequencies at the second band. We note that the EFSs
have different shapes, but within the frequency range of
0.64–0.95 MHz, the EFSs are nearly circular. From the band
structure and EFS of Fig. 1, we can infer that the negative-
refraction behavior can occur at the second band for the fre-
quencies from 0.64 to 0.95 MHz because the EFSs move
inward with increasing frequencies.3 In this case, it is easy to

know that S� ·k� �0. Thus, in this frequency range, there exists
a well-defined effective refractive index �ERI� for the sonic
crystal, which is n=−� k� �c /�.

To demonstrate the negative refraction behavior in detail,
we measured wave propagation through a nine-layer crystal
with a thickness of 11.392 mm. Our experimental setup is
based on the well-known ultrasonic transmission technique.
Figure 2�a� gives a schematic diagram of the experimental
setup, showing the position of the phononic crystal with re-
spect to the generating ultrasonic transducer and the detect-
ing hydrophone. The entire assembly was immersed in water.
A pulser/receiver generator �Panametrics model 5900PR�
produces a short duration pulse. We used a focus immersion
transducer as the generating transducer. The focus transducer
was placed at a position such that its focus, which has a size

FIG. 2. �a� Experimental setup for the measurements; �b� the rod
array in the phononic crystal.

FIG. 3. �Color online� Mea-
sured field pattern in a plane par-
allel to the crystal surfaces �a�
without and �b� with a crystal at
20a away from the source for 0.68
MHz; �c� without and �d� with a
crystal at 24a away from the
source for 0.74 MHz.
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of about 1.5 mm in diameter and serves as a point source in
the experiment, is about five lattice constants from the front
surface of the sample. The pulses transmitted through the
sample were detected by a polyvinylidence fluoride needle
microhydrophone, which had a diameter much less than the
ultrasonic wavelength. The pulses were then transformed
into the frequency domain using a fast-Fourier-transformed
�FFT� technique, allowing the wave amplitude for each fre-
quency component to be plotted as a function of position in
the detecting plane. Figure 2�b� shows the array direction of
this phononic crystal.

To study the negative refraction imaging effect, the field
patterns at the frequencies of 0.68 and 0.74 MHz were mea-
sured in some planes parallel to the crystal surfaces �XY
plane�. Figures 3�a�–3�d� give the field patterns of the wave
component of 0.68 MHz at 20a and the field pattern of 0.74
MHz at 24a away from the source, without and with the
sample in place, respectively. From Figs. 3�a� and 3�c�, we
clearly observe the circular pattern produced by the source in
the absence of the phononic crystal. In the presence of the
phononic crystal, the pattern became an elliptical image
compressed in the X direction �Figs. 3�b� and 3�d��, both at
0.68 and 0.74 MHz, attributable to the negative refractive
effect. To illustrate the negative refraction effect more quan-

titatively, we depict the amplitude of the wave field along the
X direction in the middle of the patterns at 0.68 and 0.74
MHz, shown in Figs. 4�a� and 4�b�, respectively, where the
circular symbols denote the measured field amplitudes with-
out the phononic crystal, and the triangular symbols denote
the results with the phononic crystal. The field amplitude
along the Z direction away from the source for 0.68 and 0.74
MHz are shown in Fig. 4�c�. Again, it is seen that there are
points of maximum intensity, signifying a focusing effect.

To further study the negative refraction imaging, we also
measured the field in a plane perpendicular to the crystal
surfaces and parallel to the XZ plane. The experimental re-
sults at 0.68 and 0.74 MHz are shown in Figs. 5�a� and 5�b�,
respectively. We can clearly see a concentration of power at

FIG. 4. Pressure distributions �a� at 0.68 MHz along the X di-
rection; �b� at 0.74 MHz along the X direction; �c� at 0.68 and 0.74
MHz along theZ direction.

FIG. 5. �Color online� Measured field patterns in a plane parallel
to the XZ plane at �a� 0.68 MHz and �b� 0.74 MHz.

FIG. 6. Experimental setup for the measurement of the negative
refractive index.
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a distance away from the sample �along the Z direction� for
both 0.68 and 0.74 MHz; the wave beam is about two lattice
constants wide along the X direction, but elongated along the
Z direction �about 10a at 0.68 MHz and 15a at 0.74 MHz �.
Compared with the image of a point source formed by a slab
of the sonic crystal having a square array,13 the image ob-
served here has a comparatively big separation from the back
surface of the sample; it is in fact a farfield image. The
focused image supports the claim that a flat slab of phononic
crystal can act as a lens. It is an elongated image of a point
source, due to the small refractive index and the possible loss
of the material. From Fig. 4�c� and Fig. 5, we can see that for
different frequencies, there are different focus distances. For
0.68 MHz, the focus centers about 20a from the source, but
for 0.74 MHz, it is at about 24a.

As an extension of the above experiment, we measure the
negative refraction index with another experimental scheme,
shown in Fig. 6. A generating transducer was placed far
away from the sample to yield an input pulse approximating
a Gaussian beam. A transducer with a smaller diameter
served as the receiving transducer. The incident angle is fixed
at �i=6.42°; we measure the shift of the transmitted beam
from the incident beam �d through the pressure distribution
curves for a given frequency.

Figure 7 gives the measured pressure distribution curves
of the input and output beams at 0.68 and 0.74 MHz, where
the circle is the input beam and the square is the output
beams. The Snell’s law gives the refractive index �n�
=sin �i / sin �r, and from the experimental setup, the beam
shift is �d=L�tan �i+tan �r�cos �i, where L is the thickness
of the phononic crystal, �i is the incident angle, and �r is the
refraction angle. From Fig. 7, we can get �d1=3.3 mm for

0.68 MHz and �d2=4.0 mm for 0.74 MHz. With the mea-
sured beam shift, we obtain the negative refractive index n
and how its value varies with the frequency, shown in Fig. 8
as circular symbols. Also shown in Fig. 8 are the theoretical
results �solid line� and the experimental results �dashed line�
derived from measured band structures. According to a
near-axis approximation,17 the distance from the point
source to the imaging focus center �S can be written as
�S= �1+1/ �n��L, which presents an additional alternative for
the evaluation of the refraction index. In Fig. 8 the refractive
index obtained with this method is shown as triangles. The
remarkable consistency obtained from different experimental
measurements serves to validate the observed negative re-
fraction phenomenon.

III. CONCLUDING REMARKS

In conclusion, we have experimentally achieved acoustic
negative refraction farfield imaging in the 2D phononic crys-
tal and studied the negative refraction effect. The imaging is
due to the negative refraction effect of the phononic crystal,
which acts like a flat lens. Two separate experiments were
conducted: �a� imaging of the acoustic wave by the phononic
crystal and �b� the measurement of the negative refraction
index of the phononic crystal. The results from both the
negative refraction imaging experiment and the negative re-
fraction index experiment are consistent with predictions
from the 2D MST calculations. Negative refraction is ex-
pected to be a significant step toward novel imaging acoustic
and can lead to great changes in the acoustic system design.
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FIG. 7. Measured pressure distribution of the input �circle� and
output �square� beam at �a� 0.68 MHz and �b� 0.74 MHz.

FIG. 8. The negative refraction index n versus frequency. The
solid line denotes theory, the dashed line denotes experimental re-
sults from the band-structure measurement, the circles are from the
measurement shown in Fig. 6, and the triangles are from the mea-
surement of �S, the source-image distance. Please see the text for
details. Excellent agreement is seen.
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