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Structural and e lec tr ica l  properties o f  
granular meta l  f i lms 

By B .  ABELES,  P ING SHENG,  M. D .  COUTTS a n d  Y .  A R I E  

R C A  L a b o r a t o r i e s ,  P r i n c e t o n ,  N e w  J e r s e y  08540,  U . S . A .  

[ R e c e i v e d  20  J a n u a r y  ] 9 7 5 ]  

ABSTRACT 

Granular  metal  films (50-200,000 A thick) were prepared by  co-sputtering 
metals (Ni, Pt ,  Au) and insulators (SIC2, AlcOa), where the volume fraction of 
metal, x, was varied from x = l  to x=0 .05 .  The materials were characterized 
by electron micrography, electron and  X-ray diffraction, and measurements  of 
composition, density and electrical resist ivity a t  electric fields d ~ up to 10 ~ V/cm 
and temperatures  T in the range of 1-3 to 291 K. In  the metallic regime (isolated 
insulator  particles in a metal  continuum) and  in the transit ion regime (metal and 
insulator labyr in th  structure) the conduction is due to percolation with a percolation 
threshold at  x~_0.5. Tunnelling measurements  on superconductor- insulator-  
granular metal  junctions reveals t h a t  the  t ransi t ion from the metallic regime to 
the dielectric regime (10-50/1 size isolated metal  particles in an  insulator 
continuum) is associated with the breaking up of a metal  cont inuum into isolated 
metal  particles. In  the  dielectric regime the  temperature  dependence of the 
low-field resistivity is given by pL= pc exp [2.,/(C/lcT)], and the field dependence 
of the  high-field, low-temperature resistivity is given by  p~=p~exp(~o /e ) ,  
where pc, p~, C, and d~o are material  constants.  A simple theory based on the 
assumption t ha t  the ratio s/d (d-metal particle size and  8-separation between 
particles) is a function only of composition yields expressions for p(#, T) in 
excellent agreement with experiment.  Furthermore,  the theory predicts the 
experimental  finding t ha t  the resistivity can be expressed in terms of a universal 
function of the reduced variables kT/G and 8/$'o. The inter-relationship between 
all the  impor tan t  physical properties of granular  metals and their  s t ructure is 
also discussed. 
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408 B. Abeles et al. 

§ 1. I~¢-TRODUCTIO~¢ 

Granular metals are composite materials of metals and insulators. 
Originally these materials, known as cermets, were used as electrical resistors 
because of their high resistivities and low temperature coefficients of resistivity 
(TCR). Granular metals were prepared by  a number of different methods 
such as, for instance, evaporation (Cohen and Abeles 1967) or sputtering 
(Feinstein and Hut temann 1974) of an oxidizable metal in the presence of 
some oxygen, co-evaporation (Fuschillo and McMaster 1971) or co-sputtering 
(Miller et al. 1970, Miller and Shim 1967) of immiscible metals and insulators, 
or ion implantation of metals into insulators (Perkins 1972). Another form 
of granular metals that  has been described in the literature as early as 1914 
is the metal island film structure which is formed during the initial stage of 
depositing thin metal  films (Neugebauer and Webb 1962). During more 
recent years there has been an increasing interest in granular metals due to 
their unique physical properties. In particular, interest has been directed 
toward granular metals in which the metal particles are of submacroseopic 
size (10-100 A). I t  is the purpose of the present work to study systematically 
the relationship between the microstructure and the d.c. electrical properties 
of granular metals. 

There are three distinct structural regimes in granular metals (Neugebauer 
1970) : 1. Metallic regime : when the volume fraction of the metal x is large, 
the metal grains touch and form a metallic continuum with dielectric 
inclusions. 2. Dielectric regime: the structure of granular metals in this 
regime is an inversion of the metallic regime in that  the small, isolated metal 
particles are dispersed in a dielectric continuum. 3. Transition regime : this 
is the regime in which the structural inversion between the metallic and the 
dielectric regimes takes place. In the following we present a systematic 
discussion of how the electric transport properties and other related physical 
phenomena in granular metals are modified in the three structural regimes. 

In the metallic regime, phenomena which depend on transfer of electrons 
are retained. For instance, granular Ni-SiO 2 exhibits bulk ferromagnetism 
(Rayl et al. 1971, Gittleman et al. 1972) for 0 . 7 < x <  1. However, properties 
which depend on electronic mean free path are drastically modified due to 
strong electron scattering from dielectric inclusions and grain boundaries. 
For instance, the electrical conductivity decreases by orders of magnitude 
from its crystalline value, and the temperature coefficient of resistivity (TCR), 
although positive, is very much smaller than in pure metals (Neugebauer 1970). 
In the case where the constituent metal is a superconductor, the coherence 
length is very small and the penetration depth is very large, corresponding to 
a dirty type I I  superconductor (Cohen and Abeles 1967, Abeles et al. 1967). 
The observed large enhancement in the superconducting transition tempera- 
ture To (Abeles st al. 1966) in this regime has been attr ibuted to softening of 
the phonon modes (Garland et al. 1968, Klein and Leger 1968). 

In the transition regime, the dielectric inclusions becomes interconnected 
to form a maze structure, which, with further decrease in x, progressively 
breaks up into isolated metal particles dispersed in a dielectric continuum. 
The electrical conductivity in this regime is due to percolation along the 
metallic maze and electron tunnelling between isolated metal particles. The 
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Properties o/granular metal ]ilms 409 

TCR~ changes sign (becomes negative) at the composition and temperature 
where the contribution to electrical conductivity due to thermally activated 
tunnelling becomes comparable to the contribution due to percolation. The 
transition into the dielectric regime occurs at the percolation threshold 
composition Xo, below which only the tunnelling process contributes to the 
conductivity of the granular metal. Bulk superconductivity (Abeles and 
Hanak 1971, Deutscher 1971) and ferromagnetism (Rayl et al. 1971, Gittleman 
et al. 1972) are observed to vanish abruptly at the percolation threshold 
although individual isolated grains can retain superconductivity (Hauser ]970, 
Zeller and Giaever 1969) and ferromagnetism (Gittleman et al. 1974) if their 
size is larger than the critical size required for the existence of these 
phenomena. 

In the dielectric regime we are concerned with the physical properties of 
isolated, small metal particles and with electrical transport due to tunnelling 
between the isolated particles. In discussing the physics of small, isolated 
metal particles the two important physical quantities which must be intro- 
duced are the finite electronic energy level separation 8 within a metal particle 
due to quantization of motion (Kubo 1962, 1969) and the charging energy 
Eo (•eugebauer and Webb 1962, Hill 1969) required to transfer an electron 
between two neutral grains. The charging energy is approximately given by 
E¢= 2e2/Kd, where e is the electronic charge, K is an effective dielectric 
constant of the granular metal, and d is the grain size. Near the Fermi level 
(Kubo 1962, 1969) 8~_EF/N, where E F is the Fermi energy in the metal 
particle and N is the number of electrons in the particle. Thus, for instance, 
when d = 5 0 A  and K=10 ,  8_~1 meV and Ec__60meV. As d is reduced, 8 
will eventually become comparable and then larger than E c. This happens 
when d is approximately equal to the lattice constant. In this work the 
particles are sufficiently large so that  the condition 84  Eo is always main- 
tained. 

Physical phenomena in the dielectric regime can be naturally classified 
into intra-grain effects and inter-grain effects. In the case of intra-grain 
effects, we only consider electronic excitations within a grain. When ]~T, 
where ]c is the Boltzmann constant and T is the absolute temperature, is 
much less than 5, the existence of finite energy level separation affects pro- 
foundly thermodynamic equilibrium properties such as specific heat and 
paramagnetic susceptibility (Denton et al. 1973). The energy level spacing 
is also expected to affect collective phenomena such as superconductivity 
(Parmentcr 1968, Mfihlschlegel et al. 1972) and ferromagnetism inside a grain 
when 8 becomes comparable to the superconducting energy gap A and the 
ferromagnetic exchange energy Eox respectively. Whereas intra-grain 
electron excitations can be described by the Fermi distribution function, 
inter-grain excitations involving the transfer of electron between two neutral 
grains, creating a pair of positively and negatively charged grains, are 
described by the Boltzmann distribution function with Eo playing the role 
analogous to tha t  of the Hubbard gap in a Mott-Hubbard insulator (Mott and 
Davis 1971). The transition from the metallic regime, where the Fermi level 
is well defined throughout the bulk, to the dielectric regime, can be depicted 
by the development of a pseudo-gap at the Fermi level with magnitude Eo 
(Abeles and Sheng 1974). 
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410 B. Abeles et al. 

The field and the temperature dependences of conductivity provide a tool 
to study effects associated with transfer of electrons between grains. I t  is 
found that  the low-field electrical conductivity, aL, of granular metals in the 
dielectric regime has a characteristic temperature dependence (Sheng et al. 
1973, Hauser 1973, Zeller 1972) In aL~ 1/V/T and that  at low temperatures, 
the high-field electrical conductivity, aN, has an electric field dependence of 
the form (Sheng et al. 1973, Sheng and Abeles 1972) In a ~  - 1 / ~ ,  where @ 
is the electric field. This characteristic behaviour of ~ as a function of T 
and o z is a direct consequence of the fact that  there is a distribution of grain 
sizes d and tunnelling barrier thicknesses s and that  there is a strong correla- 
tion between s and d. This correlation, which results from the uniformity 
of composition in the co-sputtered granular metals, can be described by the 
picture tha t  large grains tend to be farther apart from their neighbours than 
smaller grain from their neighbours. I t  was found (Sheng et al. 1973) that  
the simple assumption s/d = constants for fixed x, wlfich is consistent with the 
requirement of uniform composition, can explain in detail the temperature 
and the electric-field dependences of the conductivity in the dielectric regime. 

In this paper we present a detailed description of the preparation of 
granular metals and their characterization using electron microscopy, X-ray, 
chemical analysis, density determination, tunnelling measurements at 1.3 K, 
and electrical conductivity measurements over the ranges 1.3 < T < 300 K and 
0<W< 106 V/era. Analysis of the structural and electrical transport data 
yields detailed information on the granular metal parameters : average metal 
particle size do, average metal particles separation s o , and other structural 
constants involving the combination of charging energy E c and metal particle 
separation 8. In the following, the experimental details are presented in 
§ 2, the experimental and theoretical results for the metallic and the transition 
regimes are presented in § 3, and those for the dielectric regime in § 4. A 
summary of the results of this work as well as other relevant results on granular 
metals are presented in tabular form in § 5. In conclusion, some of the out- 
standing problems in granular metals are discussed. 

§ 2. EXPERIMENTAL 

2.1. Sample preparation 

The granular metals were prepared by sputtering in the system shown 
schematically in fig. 1. The substrate is mounted on a water-cooled holder 
using a thin layer of vacuum grease to ensure good thermal contact. The 
substrate can be rotated into positions for sputtering from a 6 in. diameter 
target or for evaporation from resistance-heated boron nitride boats. The 
cylindrical shield surrounding the target protects it from contamination 
during the evaporation. The substrate plane is 2.3 in. above the sputtering 
target and 10 in. above the evaporation sources. A rotating mask t ray  
permits the selection and accurate alignment of any one of four different 
masks. Beryllium-copper finger springs were used to press the mask against 
the substrate. The masks were etched, using photoresist processing, from 
0-010 in. thick beryllium-copper sheet. 

The sputtering was done at frequency of 12-56 MHz using 99-999~o pure 
Ar gas at a pressure of 4 × 10 -3 torr. A magnetic field of 50 Oe was used 
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Properties o/granular metal/ilms 411 

Fig. 1 

0 RINGS 

WATER COOLING 6In OIL DIFF. 
PUMP 

Sputtering and evaporation system. 

to confine the plasma. The r.f. power was 60 W and the sheath voltage 
was 800 V. The granular metals were sputtered from the composite metal-  
insulator targets shown schematically in fig. 2. The targets were assembled 
by placing the insulator, a ~ in. thick plate cut to the appropriate shape, 
on top of the metal. The metals and insulators used in this investigation 
were Ni, Pt,  Au, alumina and silica, all of commercial purity. Targets a and 
b in fig. 2 yielded films with a compositional gradient in the substrate plane. 
The orientation of the sputtered strip with respect to the sputtering target 
is indicated in fig. 2 by  the dashed lines. In fig. 3 is shown a photograph 
of a Pt-SiO 2 film on a glass substrate which was sputtered from a target of 
the type shown in fig. 2 (b). The volume fraction x of P t  in the film shown 
in fig. 3 varies from x = 0.45 at the opaque end to x = 0.06 at the transparent 
end of the strip. Targets with the geometry shown in fig. 2 (a) were used 
when metal-rich films were required. Targets with geometry of fig. 2 (c) 
were employed when films with a large area of uniform composition were 
required. The co-sputtering method (Hanak et al. 1972, Hanak  and Bolker 
1973) has the advantage of yielding samples, in one sputtering operation, 
over a compositional range that  can be accurately controlled by  the shape 
of the target components. In addition, the composite targets used in the 
co-sputtering method have the advantage over targets made by  sintering a 
mixture of insulator and metal particles in that  they are easily fabricated, 
and that  they  are intrinsically much purer and free from trapped gases. 

To sputter granular metals with reproducible properties several rules had 
to be observed. The base pressure of the system had to be < 10 -7 torr. 
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Fig. 2 

6in. • r2inl 1 ,in.~ 

(a) (b) (c) 

Metal-insulator composite targets. Shaded areas indicate metal. Dashed lines 
indicate relative position of the substrate above target. Targets (a) and (b) 
were used for sputtering films with graded composition, target (c) was used 
for sputtering uniform composition films. 

This was achieved by  pumping wi th  a 6 in. diffusion pump for abou t  10 hours 
and using a liquid nitrogen-cooled t rap  inside the system. The  pressure of 
the argon gas used for the  sput ter ing had  to be low in order  to p reven t  
excessive cross-contaminat ion between the  metallic and the insulating par ts  
of the ta rge t  f rom back-scat ter ing by  the  gas molecules. An argon pressure 
of < 4 x l0  -8 to r r  and pre-sput ter ing for several hours to achieve equil ibrium 
sput ter ing rates f rom the two components  of the ta rge t  yielded samples 
whose composit ional variat ion,  normal  to the plane of the fihn, was negligible. 
The electrical resistivities of the granular  metals  in the dielectric regime were 
very  sensitive to the degree of conf inement  of the plasma. For  instance, 
extending the height of the shield in fig. 1 to the substra te  holder (so t h a t  the  
plasma was near ly  completely confined) resul ted in films with much  higher 
resistivities in the dielectric regime t han  those sput tered  wi thout  the  shield 

Fig. 3 

l in. 
i i 

Photograph of Pt-Si02 film sputtered from a target with geometry of fig. 2 (b). 
The volume fraction of Pt  is 0.45 at the left opaque end of the slide and 0"06 
at the transparent end of the slide. The gap in the centre of the film is due 
to a strengthening rib in the mask. The electrical contracts are spaced 
0.100 in. apart ; details of one of the contacts is shown in fig. 4. 
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Properties o/granular metal [ilms 413 

or with low shield height (see § 4.2). The height of the shield we used, 1.5 in., 
was just sufficient to prevent target contamination during evaporation. 
However, its presence did not affect appreciably the electrical resistivities of 
the sputtered films. The electrical properties in the dielectric regime were 
also sensitive to the substrate temperature during the deposition. Care had 
to be taken to avoid a rise in substrate temperature during deposition due to 
heating by the sputtering. This was accomplished by sputtering at low r.f. 
power and cooling the substrate well. 

2.2. Electrical measurements 
Electrical resistivity and tunnelling measurements were made on samples 

sputtered on glass substrates with the geometry shown in fig. 3. The electrical 
contacts in fig. 3 are spaced 0.100 in. apart and have a thickness of 2000 A. 
The details of one of the contacts are shown in fig. 4. The Au electrode in 
fig. 4 (a) is put down by photoresist technique. Steps b, c, and d in fig. 4 
were performed sequentially without opening the system to air. The 
evaporated electrode in step b provided a clean, smooth electrical contact to 
the granular metal, free of any undissolved photoresist remaining from step 
a. The electrical resistivity could be measured either in the plane of the 
film, using the 0.002 in. gap, or normal to the film using the top and bottom 
evaporated Au electrodes. The contact was made sufficiently narrow 
(0.020in.) so that  the variation in x along the width of the contacts was 

Au TAB FOR sp.,NGc  
- ~  .OBOin. 

I%b'-.o2oin. 

'1-1~1-in-D "~AOp 2In" 

(a) 

Successive stages in deposition 

Fig. 4 
Au BOTTOM GRANULAR 
ELECTROD~ METAL//~ 

N  1-1  1-1 
/ ~ 1.o4,oio. W ELECTRODE 

[b) Is) (d) 

oi the f i lm shown in fig. 3. Only one contact is 
sho%t~ci. 

negligible. Tunnel structures of the form A1-Al~O3-granular metal-Au were 
formed by replacing in fig. 4 (b) the evaporated Au by evaporated A1 and 
oxidizing the A1 for several minutes in dry 03 gas to form a thin tunnel barrier 
with a resistance of about 1 kf~. Figure 5 shows schematically the tunnel 
structure. 

The samples were mounted in a sample holder which had beryllium- 
copper springs that  made electrical contacts to the Au tabs. The current- 
voltage (I-V) characteristics of the granular metals were measured using a 
digital voltage source and a PAR model 135 electrometer. The dI/dV 
characteristics of the tunnel structures were measured at 1 kHz using a PAR 
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lock-in amplifier and conventioflal derivative techniques. Conventional 
Dewar and cryogenic techniques were employed to measure the electrical 
characteristics in the temperature range 1.3-291 K. 

Fig. 5 

OXIDE 
TUNNELLING 

BARRt ~ 

~2 

2 
2 

Z /, 

GRANULAR 
METAL 

Au 

Metal-insulator-granular metal tunnel structure. 

2.3. Compositional analysis 
The volume fractions of metal and insulator in the granular metals were 

determined according to the method of Hanak et al. (1972, 1973). The basic 
assumption in this method is the superimposition principle which states that  
for a multicomponent target the thickness L(P) of the sputtered film, at any 
point P in the substrate plane, is equal to the sum of the individual film 
thicknesses Li(P ) that  would be obtained by  sputtering from the component 
i of the target alone. The thickness Li(P ) is calculated from the relation 
Li(P) =tRiGi(P ). The function Gi(P) is the normalized deposition profile 
calculated from the shape of the component i of the target on the assumption 
of Knudsen's law of angular distribution of sputtered material. R i is the 
deposition rate that  would be obtained at a point in the substrate plane 
vertically above the centre of a full disk target of material i, and t is the 
sputtering time. The volume fraction x i is given by 

where 

xi(P) =Li(P)/L(P), 

L(P)-- ~ tRiGi(P ), 

(1) 

(2) 

A full des- and the summation extends over the components of the target. 
cription of the method and its accuracy and limitations is given by  Hanak et al. 
(1972) and by  Hanak and Bolker (1973). We have used three different 
methods to determine the compositions from eqns. (1) and (2). 
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B y  measuring the thickness of the sputtered film at several points, the 
values of R i can be determined by solving the set of linear equations given 
by  eqn. (2) using the computed Gi(P ) for the particular target geometry. 
This method was used for the Ni-SiO~ system. In fig. 6 are plotted the 
measured thicknesses L(P) as a function of P for two Ni-SiO 2 films sputtered 
for 1 hour using targets with the geometries of figs. 2 (a) and 2 (b). The 

. 4  ! 

% 
_J 

. 2  

Fig. 6 

i i i i 

0 
0 

0 0 

[] 

TARGET GEOMETRY IC I 
0 FIG. 2o 

[] F}G. 2b 

i , 3~0 4~0 0 I0 2-0 50  
PX I0  {in,) 

Thickness profiles measured on films sputtered fl'om Ni-SiO~ targets with the 
geometry of figs. 2 (a) and 2 (b). The abscissa P is the distance in 1/10 in. 
measured along the length of the sputtered film strip. The points are 
measured thickness, the full curves are computer fits to the experimental 
data using eqn. (2). 

values P = 2-5 in. corresponds to the point vertically above the centre of the 
composite target. The computed thickness curve is a least square fit of 
eqn. (2) to the experimental values of L(P). The deposition rates obtained 
from the fitting procedure are RNi=0.64/~/h and Rsio2=0-41 t~/h for target 
geometry of fig. 2 (a) and RNi=0.68 ~/h and Rsio2=0.36/~/h for target 
geometry of fig. 2 (b). In fig. 7 are plotted the computed volume fractions 
x of Ni. As can be seen in fig. 7, the compositional ranges obtained from the 
two target configurations have a region of overlap, 0 .2<x < 0.5. In order 
to check the self-consistency of the compositional determination for the two 
target configurations, we have plotted in fig. 8 the low-field resistivities PL, 
measured in the plane of the sample at 291 K, as a function of the computed 
values of x. As can be seen from the figure, there is a discrepancy in the 
data in the region of overlap. This discrepancy is at tr ibuted to the un- 
certainty in the compositional determination. In determining the composition 
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of the Ni-SiO 2 system we have not taken into account the possibility 
that  a fraction of the sputtered SiO 2 molecules dissociate, SiO~--*SiO + 0 or 
Si02--*Si + 02, and the free oxygen reacts with the nickel to form NiO. The 
fact that  an appreciable fraction of the nickel may be in the form of an 
insulating oxide could explain why the transition from the metallic regime to 
the dielectric regime for granular Ni appears to take place at  x_~0-5 while 
for the noble metals, P t  and Au, which do not form oxides readily, the 
transition takes place at x_~0.4 (see §§ 3.1 and 4.2). 

.9 

Fig. 7 

.8  - 

.7 - \ TARGET GEOMETRY 

.6 
z 

z 
--o.5 
I-.- 

~' . 4  
_1 
O 

X ,3 

m~ 
TARGET GEOMETRY 

.I OF Fig. 2b 

I I I I 
0 I0 20 ~0 40 50 

PXlO(in.} 

Volume fraction x of Ni in Ni-SiO~ films as function of position P on substrate, 
computed from eqns. (1) and (2) using the measured thicknesses ol the films. 
The target geometries for which the curves were computed are indicated in 
the figure. 

In the case of the Pt-SiO~ films, the deposition rate was determined from 
the Pt  emission rate. The emission rate (defined as the amount of material, 
in units of thickness, sputtered off the target per unit time) was determined 
from the weight loss of the Pt  target, its area, and Pt  density. The relation 
between the emission rate, Re, i and the deposition rate R i is 

R i = Re,  iFirt2/(H2 + r te) ,  (3) 

where F ,  is the sticking coefficient, r t is the radius of the full target and H 
the height of the substrate above the target. The value of x was computed 
from eqns. (1) and (2) using the measured values of L(P)  and the value 
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Rpt=0.65  F/h  determined from eqn. (3) assuming~ Fpt= 1. The value of 
Rsio2 obtained by  this procedure is 0.33/z/h. 

In  the case of the Au-AI~O~ films, we used an atomic absorption analysis 
(Robinson 1966) to determine the compositions. The films were sput tered 
from targets  wi th  the geometry given in fig. 2 (e). I t  follows from simple 
geometric considerations t ha t  the composition of films sput tered from this 
target  is given by  

x = zrbgRAu14RA12o3a 2, (4) 

where b is the diameter  of the metal  disks in fig. 2 (e) and a is the  spacing 
between their  centres. The composition as a function of P is uniform except 

E u 
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I04 

IO 3 

I02 
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,62 ~o 

i(~ 5 

- I I I I 
0 I.O .9 .8 .7 .6 

Fig. 8 

I I l I I I l l 

o TARGET Fig. 2(l I o/  
D TARGET Fig. 2b [ 291 K / A TARGET 6in. DIA. Ni .] 

2 9 l K  }SMOOTHED DATA o/~  
- - - - -  4.2 I / 

I 

i d ' / 
[3 0 I 

I,G 
Y 

Ni - S iO 2 

I I I I I 
,5 ,4  l ~ . 2 .I 0 

X 

Low-field resistivity PL, as a function of volume fraction x of Ni, in Ni-Si02 films 
sputtered from targets with the geometry of figs. 2 (a) and 2 (b). The 
resistivities were measured in the plane of the film at 291 K and 4.2 K. The 
values of x are the computed ones from fig. 7. The full and dashed curves 
are smoothed values of the experimental data. 

for a small ripple whose ampli tude is of the order of a few per cent of the 
average composition. The films, several microns thick, were sput tered onto 
a 1 x 2 in. sheet of copper and a 1½ in. diameter  disk of sapphire. The copper 
was subsequently dissolved away, yielding granular  metal  samples of 10-50 mg 
for the atomic absorption analysis. The samples on the sapphire substrates 
were used for densi ty and resistivity determinations.  The atomic absorption 

We assumed Fpt=l,  since the values of _~ determined by Hanak and Bolker 
(1973) under similar sputtering conditions as ours were close to unity. 

A.P. 2 t~" 



D
ow

nl
oa

de
d 

B
y:

 [I
ng

en
ta

 C
on

te
nt

 D
is

tri
bu

tio
n]

 A
t: 

10
:1

9 
24

 O
ct

ob
er

 2
00

7 

418 B. Abeles et al. 

analysis yielded weight fractions to an accuracy of + 2% for Au and + 5~o 
for A1. The oxygen weight fraction, determined by subtracting from the 
total weight of the film the weight of the Au and the A1, yielded a ratio of 
oxygen to aluminium consistent with the formula A120 a. The volume fraction 
of the metal x was computed from the weight fraction of the metal y using 
the relation 

x = Y (5) 
y + (1 - y)(SAu/Sa12o3)' 

where SAu and SA12o ~ are the densities of the metal and insulator respectively. 
The densities of the Au-A120 a films were determined from the weight, 

thickness, and area of the films deposited on the sapphire wafers. The weight 
was determined by weighing the substrates before and after sputtering. The 
thickness was determined by measuring with a Bendix Proficorder the height 
of a step, produced by masking off a small area of the substrate. The 

20 

Fig. 9 

i f l l l l l l l  

.5 0 
X 

Measured density, S, versus volume fraction x of Au in Au-A120 a. The films were 
sputtered on sapphire substrates from targets with geometry of fig. 2 (c). 
The values of x were determined by the atomic absorption analysis. The 
solid line represents eqn. (6). 

measured densities S of the films versus the volume fraction of Au determined 
by the atomic absorption method are plotted in fig. 9. The experimental 
points agree, within the experimental uncertainty, with the linear relation- 
ship 

S(x) ---- XS~u + (1 -- x)SA12O3, (6) 

valid for the case of superposition of the densities of the metal and insulator. 
The fact that  the density of the sputtered A1203 films (3.0 g cm -3) is consider- 
ably lower than that  of crystalline (Handbook of Chemistry and Physics 
1962) A120 a (3.97 g cm -a) and alumina (Handbook of Chemistry and Physics 
1962) (3.5-3.9 g cm -s) indicates that  the Al~O s films contain an appreciable 
amount of voids. We have also determined that  the sputtered Al~O a films 
have a strong absorption edge at 3000 A while crystalline Al+O 8 is transparent 
at this wavelength. 
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In  fig. 10 are p lo t ted  the low-field resistivities PL of the Au-AI~O 3 samples 
measured a t  291 K and at  4.2 K in the  plane of the films. The points corres- 
pond to the  resistivities of the films sput te red  on sapphire substrates  from 
targets  wi th  the  geomet ry  of fig. 2 (c), with the  values of x de termined  from 
the atomic absorpt ion analysis. The  full curve in fig. 10 represents  the 

10 8 
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, o  5 

i 0  I 

,o  ° 

i 0  - i  

i 0  "2 

i 0  -3 

i [ ]  4 

i0  -5 

Fig. 10 

i I I I 

Au -A1.203 
- -  2 9 5  K 

. . . . .  4.2 K 

TARGET 
o FIG.2b 
• FIG. 2c 
[] Au DISC 

I I i 

J 

I I I I J I 
.9 .8 .7 .6 .5 .4 

X 

I 

i ( ~  6 J I 
1.0 .3 .2 

Low-field resistivity PL, as a function of volume fraction x of Au, measured at 291 K 
and at 4.2 K in the plane of the Au-Al~O 8 films. The points correspond to 
resistivities of films sputtered onto sapphire substrates from targets having 
the geometry of fig. 2 (c) with x determined by the atomic absorption analysis. 
The full curve corresponds to resistivities of a film sputtered from a target 
with the geometry of fig. 2 (b), with x determined from eqns. (1) and (2) 
assuming for the ratio of deposition rates RAu/R~I,o3= 5.7. 

resistivities of a Au-AI~O a film sput te red  f rom a ta rge t  with the geomet ry  of 
fig. 2 (b). The values of x for this film were computed  from eqns. (1) and (2) 
using the  rat io  RAu/RAI~o 3 as an adjustable  pa ramete r  to obtain best fi t  to 
the atomic absorpt ion da ta  point.  The  best  fi t  value is RAu/RA12O ~ = 5.7. 

2.4. Determination o/microstructure el granular metals 
Extens ive  electron microscopy and X- ray  studies were made  on the 

granular  metals  to determine their  micros t ruc ture  in the three  composit ional  
regimes. 

2F2 
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420 B. Abeles et al. 

Both the X-ray and the electron diffraction results indicate that  the 
metals and insulators are immi~scible. In all Cases the lattice constants for 
the different metals remain constant with increasing amounts of the insulating 
phase. The invariance of the metal lattice constant with the composition of 
the granular metal is demonstrated in figs. 11 and 12. In fig. ] 1 are shown 

Fig. 11 

Ni-Si02 

do- 14.0,~ 

48 46 44 42 
28 (DEGREESI 

X-ray diffraction traces of Ni-SiO 2 films. The peaks correspond to the ( l l l )  
reflection of Ni. The volume fraction x of Ni and the average Ni particle 
sizes do, determined from line broadening, are indicated in the figure. 

the (11 l) X-ray diffraction peaks of Ni measured on 2 F thick Ni-SiO~ samples 
sputtered on glass substrates. A highly preferred orientation of the metal 
particles was found in the metallic and the transition regimes of all the 
granular metal systems we have examined. The metal particles tend to 
grow with the (111) planes parallel to the substrate with azimuthal disorder. 
As the volume fraction of the insulator is increased, the preferred orientation 
effect decreases, and the diffraction peaks are considerably broadened. How- 
ever, the lattice constant remains unchanged. For instance, in the Ni-SiO~ 
system over the compositional range 1 > x > 0.3 the measured lattice constant 
is 3.523 + 0.003 A, which is the same as the value in bulk Ni. From the line 
broadening it was possible to determine the average particle size d o . The 
value of d o in each case is given in fig. 11. In fig. 12 are compared two 
electron-diffraction rings measured on two Au-SiO 2 films about 100 A thick, 
one with x = 0 . 3  and the other with x =  0.95. These films, as well as all the 
other granular metal films used for transmission electron microscopy, were 
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Properties o/granular metal/ilms 421 

deposited on carbon films suppor ted  by  a fine copper mesh. As can be seen 
from fig. 12, apar t  f rom appreciable line broadening for the  film wi th  x--0 .3 ,  
the rings of the  two films can be superimposed. For  x <  0.3 the  accuracy 
of the lat t ice constant  de terminat ion  is poor, due to appreciable line broaden- 
ing ; however,  within the unce r t a in ty  of the line broadening the metal  lat t ice 
constant  remains unchanged.  Our finding t h a t  the lat t ice constant  of the 
metal  in the  granular  metal  is unchanged  differs f rom tha t  of Hauser  (1970), 
who repor ted  a 3.5% increase in the  latt ice constant  of a luminium in the 
A1 A120 a system, and t ha t  of Abrahams et al. (1972), who repor ted  an increase 
of as much  as 10°/0 in the latt ice constant  of small nickel particles in the 
Ni-SiO 2 system. The discrepancy between these results could be due to 
differences in the prepara t ion  of the  samples. 

Fig. 12 

95 VOL. % Au 

5 0  VOL. % Au 

Electron diffraction patterns obtained on two Au-Si02 films. 
percentages of Au in the films are indicated in the figure. 

The volume 

Typica l  electron micrographs of granular  metals  are shown in figs. 13-16. 
The dark  areas are metal ,  the  light areas insulator. The characterist ic  features 
of the micrographs are~ : in the metal-r ich films the metal  forms a cont inuum, 
containing a dispersion of amorphous  insulator  particles (figs. 13 a, 13 b, 
15 a). At  a certain composition, the  granular  meta l  forms a l abyr in th  struc- 
ture  (figs. 13 e, 14 a, 15 b, 16). Wi th  fur ther  decrease in x a complete mat r ix  
inversion takes  place so t ha t  the insulator  now forms a con t inuum and the 
metal  part icles are dispersed (figs. 13 d, 14 c, 14 d, 15 c, 15 d). In  fig. 17 are 
plot ted the  average metal  particle size d o as a funct ion of x and fig. 18 shows 

t Electron micrographs of Au-S iQ and Ag-SiO 2 exhibited the same general 
behaviour (Cohen et al. 1973). 
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mm 
(a] 85 Vol % Ni 

Fig. 13 

(b) 78 Yol % Ni 

(c) 68 Vol % Ni 

m 
D 

200A 
I '1 

(d) 56 Vol % Ni 
Electron mierographs of Ni-Si02 films. The vol. % of Ni in the films and the length 

scale are indicated in the figure. The thicknesses of the films are about 100/~. 

Fig. 14 

(a) 50 Vol % Pt 

(c) 28 Vol % Pt 

(b) 40 Vol % Pt 

(d) Zl Vol % Pt 

Electron micrograph of Pt-Si02 films. The vol. % of P t  in the films and the length 
scale are indicated in the figure. The thickness of the films are (a) 150 A, 
(b) 180 A, (c) 200 A, (d) 200 ~. 
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Fig. 15 

(a) 73  Vol % Au 

(c) :55 Vol % Au 
Electron micrographs of Au-A120 a films. 

scale are indicated in the figure. 
(b) 140 A, (c) ] ]0  A, (d) 70 A. 

423 

(b) 48  Vol % Au 

(d) 18 Vol % Au 

The vol. % of Au in films and the length 
The thicknesses of the films are (a) l l 0  ~, 

Fig. 16 

55 VOL % Au 

Electron micrograph of Au-SiO 2 film containing 55 vol.~/o Au. The length scale is 
indicated in the figure. The thickness of the film is 100 A 
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Fig. 17 

a typ ica l  me ta l  part icle  size dis t r ibut ion function.  We note  t h a t  d o is insensi- 
t ive  to the  t ype  of me ta l  or insula tor  in granular  metals .  However ,  the  
composi t ion a t  which the  m a t r i x  inversion occurs appears  to  depend  on the  
par t icu la r  me ta l  insula tor  combinat ion.  Thus,  in the case of Au-A120 s and  
P t -S i02 ,  the  m a t r i x  inversion takes  place a t  x_~0.4 while for  the  case of 
Ni-SiO 2 the  invers ion is a t  x _  ~ 0.6. 

o~" 

2 0  

50  

4 0  

30 

IO 

2O 

I- 

i, 
o 

I0 

A 

[ ]  
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Average particle size d o as a function of the volume fraction of the metal  x for 
different granular metal  systems. 

Fig. 18 

15 
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20 
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Pt-SiO 2 

x = 0.21 
140 PARTICLES COUNTED 

2 5  3 0  

Histogram of particle sizes d in a Pt-SiO2 film with volume fraction x=0.21 of Pt.  
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Figure 17 shows that  the average particle size d o in the dielectric regime 
decreases rapidly with decreasing x. In the case of Pt-SiO 2 and Ni-SiO 2 
the metal particles are separated from each other by an insulating film about 
10 A thick. In the case of An-A120 a close examination of the micrographs 
corresponding to the dielectric regime indicates that  the phase surrounding 
the metal particles appears to contain an extremely fine dispersion of much 
smaller (~  5 A) metal particles. Stereo electron microscopy studies of the 
granular metals, done by  the defocus method, show that there is no dominant 
elongation or contraction of the particles in a preferred direction. We have 
also made X-ray (H. Pinch, private communication) and electron diffraction 
studies of sputtered A120 a and Si02 films and found them to be amorphous. 

§ 3. THE M E T A L L I C  A N D  T H E  T R A N S I T I O N  R E G I M E S  

The behaviour of the resistivity of granular metals is closely related to the 
microstructure of the materials. In  the metallic regime, in which the struc- 
ture is that  of insulator dispersed in the form of isolated particles in a metal 
continuum (figs. 13 a, 13 b, 15 a), the electrical resistivity increases gradually 
with decreasing volume fraction of metal x (figs. 8 and 10) and the temperature 
coefficient of resistivity (TCI~) is positive. At some criticM composition 
(x~ 0.5), the exact value of which depends on the particular combination of 
metal and dielectric, the insulator particles become interconnected, and a 
labyrinth structure results (figs. 13 e, 14 a, 15 b, and 16). In this compositional 
range, the transition regime, the resistivity increases rapidly with decreasing x 
(figs. 8 and 10) and the TCI~ changes sign. An interesting observation is that  
the value of conductivity at the composition where TCI~ vanishes is in the 
range of 109=-10 a g2 -1 cm -1. This value of 'minimum metallic conduct ivi ty '  
in granular metals agrees with Mott 's prediction of the limiting conductivity of 
a metal. As x is further reduced, we have the structure of the dielectric 
regime (figs. 13 d, 14 c, 14 d, 15 c, 15 d), in which the electrical conduction is 
due to tunnelling of electrons between isolated metal particles. In this section 
we use two complementary approaches, electrical conductivity and tunnelling 
into granular metals, to s tudy the metallic and the transition regimes. Whereas 
electrical conductivity provides information on percolation path density and 
threshold, the tunnelling provides information on the details of how the 
metallic continuum breaks up into isolated metal particles. 

3.1. Percolation conductivity 
The gradual increase of the resistivity in the metallic regime is believed 

to be primarily a geometric effect resulting from the increase of conduction 
path length due to the intervening insulating particles. This increase in 
conduction path length is clearly seen in fig. 16. The scattering of electrons 
by impurities dissolved in the metal is believed to be independent of com- 
position in the metallic regime, as is borne out by  measurements of thermo- 
electric power.~ As x is reduced, the density of percolation channels diminishes 

Apart from an abrupt change near x = 1 the Seebeck coefficient in Au-A1208 is 
small and independent of x down to x = 0.4. For x < 0.4 the measurement becomes 
inaccurate because of high sample resistance (B. Abeles & J. I. Gittleman, unpublished). 
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426 B. Abeles et al. 

and thermally activated tunnelling of electrons between isolated metal particles 
becomes a significant parallel Conduction process. This accounts for the 
decrease and the eventual change of sign of TCR. As x is further reduced 
the classical percolation threshold t is reached after which only the tunnelling 
process remains. To compare the percolation behaviour of granular metals 
with theory, we have plotted normalized conductivity, a(x)/a(1), in fig. 19 
for the Ni-SiO~ and the Au-A120 a films of figs. 8 and 10. Also included in 
the figure are data for sputtered granular W-A1203 films (Abeles et al. 1975) 
as prepared and after annealing at 1200°C in H 2. The straight line in fig. 19 
is the prediction of Landauer's (1952) effective medium theory, 

= ( x  - xo)  / (1  - Xo) ,  ( 7 )  

Fig. 19 

1.0 t _ .  I I I I I I -- 
~ W-A1'203 z" 

'~,~ ~ \  ANNEALED W - ASzO 3 & 

Ao-A  O  • 

- -  ~ \ ~  " ~  Ni_Si02 n 

\ 
o '  i J " "  ~ -~'~" " - ~ - - " ~ - ~  A _ I " " ,  

1.0 .9 .8 .7 .6 .51" .4 .3 
X 

Normalized electrical conductivity a(x)/a(1) as a function of volume fraction of 
metal x for Ni-SiO 2 (from fig. 8), Au-A1203 (from fig. 10) and annealed and 
unannealed W-A120 a (Abeles et al. 1975), measured at 291 K in the plane 
of the films. The solid line is computed from eqn. (7) with x°-- 1/3. 

where Xo is the percolation threshold composition. The observed value of 
xo~0.5 for annealed W-AO20 ~ is appreciably larger than Landauer's 
theoretical value of 0.33. We note that  the deviation of the unannealed 
W-A12Oa, Au-A120 3 and Ni-SiO 2 films from eqn. (7) is larger than that of 
the annealed films. This is at tr ibuted to the fact that  in the unannealed 
granular metals the dielectric tends to coat the metal particles and therefore 
is more effective in lengthening the conduction path and decreasing the 
conductivity than when the dielectric particles are spherical in shape. We 
believe that  the annealing rounds the particles, which in turn results in a 
better agreement with the assumed particle shape of the effective medium 
theory. Another source of the deviation of Ni-SiO~. data from the theoretical 
behaviour may be due to the appreciable uncertainty in the composition of 
the Ni-SiO2 system (see § 2.3). 

t For a general review of percolation conductivity see Kirkpatriek (1973). 
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3.2. Tunnelling 
We have studied the tunnelling characterist ics of superconduc tor - insu la to r -  

granular  meta l  tunnel  junctions in which the superconductor  was a lumin iumt  
and the granular  metal  was Ni-SiO 2. A schematic of the tunnel  s t ruc ture  is 
shown in fig. 5. In  fig. 20 are shown the dI/dV versus V characterist ics 
obtained for several Ni-SiO 2 granular  meta l  compositions a t  1.3 K.  In  all 
cases the voltage drop across the granular  meta l  was negligible so tha t  the 
measured dI/dV reflects the t rue tunnel l ing characteristics of the  junction.  

z 

I -  

~1¢ 

Fig. 20 

i i i 

X-.66 

X:.62 

0 6 

X=.60 

~ f  T= 1.5 K 

, ,  2/' I i 
I 2 5 4 5 

V(rnV) 

dI/dV characteristics versus voltage V measured at 1'3 K on A1-A12Oa-granular 
Ni-SiO 2 tunnel junctions. The volume fractions x of the Ni in the granular 
metal films are indicated in the figure. For clarity the curves are displaced 
vertically with respect to one another with the corresponding base line of 
each curve indicated by the dashed horizontal line. 

We find t ha t  for x>~0.7 the measured dI/dV are in good agreement  with the 
theoret ical  BCS behaviour  for a supe rc o n d u c t o ~n o rma l  meta l  tunnel  junc- 
t ion (Giaever et al. 1962). This confirms tha t  the granular  meta l  in the 
metallic regime has a well-defined Fermi  energy. As x decreases from 0.70 
to 0.60, the  s t ructure  due to the superconduct ing densi ty of states disappears 

The aluminium superconducting transition temperature was enhanced to 2.3 K 
by using the technique described by Cohen and Abeles (1967) and Abeles et al. (1966, 
1967). 
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rapidly and a broad minimum in dI/dV near V= 0 developes. This rapid 
change in the tunnelling characteristics is attributed to the breaking up of 
metal continuum into isolated particles and the appearance of the granular 
metal charging energy. In the following, a simple theory of tunnelling into 
isolated metal particles in the granular metal is presented which leads in a 
natural manner to an effective tunnelling density of states with a gap at the 
Fermi energy. Using the tunnelling density of states extracted from the 
experimental data, quantitative information is obtained on the size distri- 
bution of isolated clusters of metM particles in the transition regime. 

In order to calculate the tunnelling density of states of the granular metal, 
consider the following model. The tunnelling current consists of two distinct 
parts : electrons which tunnel into the metallic continuum and those which 
tunnel into isolated particles (or clusters of touching metal grains). Such an 
assumption is consistent with the observed microstrueture of the granular 
metals in the transition regime such as shown in fig. 13 (c). We assume that  
the particle size has a distribution function D(d). In order to place an 
electron on an isolated particle of size d, it is necessary to provide the energy 
of the electrostatic field associated with the extra electron. In the bulk 
granular metal this charging energy is of the order E c ~ e2/(Kd) (e the electronic 
charge and K the effective dielectric constant of the granular metal (see § 4)). 
At the insulator-granular metal interface this charging energy can be calculated 
in the following manner. In order for an electron to tunnel from one electrode 
to the other electrode of a junction it is necessary to provide a charging energy 
Ej =e2/2Ce, where e is the electronic charge and C e is an effective junction 
capacity. In the case where the electrodes consist of ordinary metals this 
charging energy is negligible because the effective capacity C+, given by the 
junction capacity C~ =eA/(47rLj) (e dielectric constant of insulator, Lj thick- 
ness of insulator, A area of junction), is very large. In the case of an electron 
tunnelling into an isolated grain of a granular metal the effective junction 
area for the tunnelling electron is rrd2/4 so that, when Lj ~d,  the effective 
capacity becomes C~ = CTrd2/4A, and Ej need no longer be negligible (Abeles 
and Sheng 1974). Because of the finite charging energy E~, the electrons 
which tunnel into the isolated particles must have energies at least Ej aloove 
the Fermi level of the metal continuum and for a reverse voltage under which 
holes are injected (electrons extracted) from isolated particles the holes must 
have energies at  least Ej below the Fermi level. Thus, the effective tunnelling 
density of states for localized states has a gap about the Fermi energy. The 
total tunnel current density between a superconducting film and a GM film 
is written in the form 

I(V) = CN____~N { e p 0~ d~ D(~)~ ~ 
co 

dE 0[Ei(5)-  IE + VI]p~(E)[/(E ) 
- -  0 0  

- / ( E +  V ) ] + ( 1 - p )  -+S dEp+(E)[/(E)-/(E+ V)]} (8) 

=CNN ~ p~M(E+ V)p~(E)[/(E)-/(E+ V)] dE, (9) 
e - c o  
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where D(d), divided by  uni t  area, is the dis tr ibut ion funct ion for d, with the 
oo 

normal izat ion requi rement  S d~ D(~)~ 2= 1, 
0 

pG~(E) =p ~ d~ D(~)~20[Ej(~) - [El i  + (1 - p )  (10) 
0 

is defined as the normalized tunnell ing densi ty  of states, Ej(d)= 2e2A/(rrdeCj), 
ps(E)=[Ei/~/(E~-A2) for I E I > A  and ps(E)=O for ] E [ < A  is the BCS 
densi ty of states, A is the superconduct ing energy gap, C•N is the conductance 
of the normal  junction,  / ( E ) = [ l + c x p  (E/lcT)] -1 is the Fermi  distr ibution 
function, and the funct ion O(u) is defined so tha t  O(u) = 1 for u ~< 0 and O(u) = 0 
for u > 0. 

I (V)  is wr i t ten  as the sum of two terms. The first t e rm represents  the 
current  dens i ty  into isolated particles and the second t e rm represents  the 
current  dens i ty  into the metallic cont inuum,  the dimensionless pa rame te r  p 
expresses the  relat ive weight of the two contributions.  In  the limit of p = 0, 
eqn. (8) assumes the usual form for the tunnell ing current  between a super- 
conductor  and normal  metal.  In  the  limit of p = 1 all the current  is due to 
tunnell ing into isolated particles. The appearance of the funct ion 0 takes 

,F 
0 

'I 
0 

0 

'I 
0 

'I 
0 

Fig. 21 
Fermi Leve l  

I 
I X=.62 

I 
l I I I I 

I 
I X = . 6 0  

I I I I I 

X = .58 

[ l I I 

X = . 5 5  

I I [ I 

X= . 5 3  -----... 
-10 -5  0 5 IO 

E (meV) 

The tunnelling density of states PGM as a function of electron energy E, for Ni-SiO2 
films, computed from eqn. (9) using the experimental data in fig. 20. E = 0  
coincides with the Fermi energy. The volume fraction x of Ni is indicated 
in the figure. 
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430 B. Abeles et al. 

into account the finite charging energy Ej(d) necessary to transfer an electron 
(or hole) between the electrodes. - The factor .~2, appearing in eqn. (8), takes 
into account the fact that  the rate of tunnelling is proportional to the area 
available for tunnelling into isolated particle. 

Equation (9) permits the determination of the density of states PGM from 
I (V ) .  Using the experimental data in fig. 20 and the measured value 
0.32 meV for A, numerical integration of eqn. (9) yields the effective tunnelling 
densities of states shown in fig. 21. Near x = 0 . 7  a dip develops in PGM at 
the Fermi energy which rapidly broadens and deepens into a smeared gap 
with decreasing x. Using the measured tunnel junction parameters Cj = 
9 × 10 -9 F and A = 3.3 x 10 -a cm 2 we find that  PGM in fig. 21 is well approxi- 
mated by using in eqn. (10) the function D(d)ocd x exp {-(d/do)X}, where d o 
is the most probable value of d and with the value of the exponent ~=0.75. 
For x = 0.66 the value of d o is 100 A and p = 0.25, which indicates that  only a 
fraction of the tunnelling current is into isolated particles. As x decreases 
to 0.6, d o falls to 30 A, in reasonable agreement with the mean particle size 
determined from electron microscopy (see fig. 17), and Io increases to 0.97, 
indicating that  most of the tunnelling current is now into isolated particles. 
The limiting case of tunnelling into isolated grains in the granular metal is 
equivalent to the experiments of Zeller and Giaever (1969) on tunnelling into 
isolated tin particles. 

The analysis of the tunnelling data shows that  in the transition regime the 
metallic continuum phase and the isolated metal particle phase co-exist. The 
fraction of the latter phase increases at the expense of the former as x is 
reduced. Furthermore, tunnelling yields the mean size of isolated particles 
in the transition regime. 

§ 4, THE DIELECTRIC REGIME 

4.1. Theory 

Electrical conduction in the dielectric regime of granular metals results 
from transport of electrons and holes by tunnelling from one isolated metallic 
grain to the next. In order to generate a charge carrier, an electron has to 
be removed from one neutral metal grain and placed on another neutral metal 
grain, thereby creating a pair of positively and negatively charged grains 
(Neugebauer and Webb 1962, Hill 1969). Due to the fact that  every metal 
grain has a small capacitance, such a process of carrier generation requires a 
non-negligible charging energy Eo ~ e2/c, where e is the electronic charge and 
c is the capacitance of a grain. In a granular metal, the charging energy has 
the form 

Eo = (e~/d).F(s/d), (11) 

where d is the size of a grain, s is the separation between grains, and F is a 
function whose form depends on shape and arrangement of the grains and 
on the interaction between the pair of charges. We distinguish two limiting 
values of the charging energy Eo : the energy Eo ° required to generate a pair 
of fully dissociated positively and negatively charged grains and the energy 
Eo 1 required to generate a pair of neighbouring positively and negatively 
charged grains. Approximate forms of E° ° and Eo 1 are derived in Appendix 
A, and it is shown tha t  E¢ 1~ _ Ec°/2. 
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The existence of a finite E c has far-reaching consequences on the electrical 
t ranspor t  propert ies  of granular  metals.  The  effects of Eo are manifest  
bo th  in the  t empera tu re  and the electric field dependences of the  conduct iv i ty .  
In  the case of a weak electric field, t h a t  is, when the voltage drop, A V, between 
neighbouring meta l  grains is much  smaller t han  kT/e, charge carriers are 
thermal ly  act ivated.  The number  dens i ty  of the charge carriers, whose 
generat ion requires a charging energy Eo °, is proport ional  to  the Bo l t zmann  
fac tor  exp [-Ec°/2kT].t When the  t empera tu re  is lowered, the  number  
densi ty  of charge carriers rapidly decreases unti l  near  T = 0 K almost  all the  
meta l  grains are electrically neutral .  At  such low tempera tures  an electric 
current  can be obta ined only by  the  applicat ion of a large electric field, in 
which case the  charge carriers are genera ted  b y  the electric field whenever  the  
potent ia l  difference between two neighbouring metal  grains is larger t h an  
Eol/e. This field generat ion process is i l lustrated in fig. 22. In  order  to 
t ransla te  the  above qual i ta t ive a rguments  into quant i ta t ive  calculations, 
we are conf ronted  wi th  the problem t h a t  there  is a broad  dis t r ibut ion in 

Fig. 22 
E ~  

\ / 
/ 

METAL PARTICLE OXIDE BARRIER 

(a)  INITIAL STATE 

5 
5 ® 

(b) FINAL STATE 

I, E__.el 

T 2 

/ v A  
v 

" M / 
, /  v A 

// "" 

Schematic illustration of effect of an electric field on the electronic energy levels in 
the granular metal. The voltage drop between adjacent grains is A V. The 
relative potential levels indicated are as seen by a negative test charge. For 
the sake of illustration the structure is taken as uniform. (a) Each grain is 
neutral before the tunnelhng takes place. (b) After tunnelling has occurred, 
a hole is left on one grain and an electron is added to the other grain. The 
hole and the electron will then drift to the electrodes. 

t The fact that  the equilibrium density of charge carriers is proportional to 
exp [-Eo°/2kT], not exp [-Eo°/kT], is a direct consequence of the law of mass 
action. An analogous situation prevails in intrinsic semiconductors where the band 
gap plays the same role as Eo ° does in granular metals. We note tha t  in prior 
literature the charge carrier density in granular metals has been taken to be propor- 
tional to exp [ -  Eo°/kT], which is incorrect. 
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the values of Eo due to the variation of metal grain size in granular metals, 
and as a result E c is not a useful quanti ty for characterizing the material. 
However, a closer look at the structural origin of E~ suggests that  although 
d, s, and E o are not constant in a granular metal, their variations are correlated 
so that  the quanti ty sEo ° is a constant whose magnitude depends only on the 
volume fraction of metal x in the sample and the dielectric constant of the 
insulator. In the following, a simple plausibility argument for the relationship 
sEe°= constant is presented. 

Due to the fact that  the metal grains are formed by surface diffusion of 
sputtered metal atoms and insulator molecules, we can expect the relative 
volume fraction of metal and dielectric to be uniform when averaged over a 
volume larger than a few surface diffusion lengths (~ 100 A). That is, if 
we take any 100 A sized region and analyse its relative volume fractions of 
metal and insulator we would expect that  number to be a constant and equal 
to that  of the bulk sample. This condition of uniform composition on the 
scale of surface diffusion length implies a close relationship between the 
average grain size and the average distance of separation between the grains 
within small regions (100 A, say) of the sample. Roughly speaking, we can 
expect the large grains to be further separated than small grains. If it is 
further assumed that  the grains are roughly uniform in size inside small 
regions of the sample (but can vary from one region to the next), then the 
grain size d in each region should be directly proportional to the grain separa  
tion s in tha t  region and the ratio, s/d, is a constant whose magnitude depends 
only on x. This simple fact is illustrated for the one-dimensional case in 
fig. 23. From eqn. (11) and the condition sial=constant it follows directly 
that  sEo°= constant for a given granular metal composition. 

Fig. 23 

- - ~ s b . ~ - -  
F//~ Y/A lY//J K/A Y//A r//A V///A K/~ Y///~ ~///A I 

X = .5 S o / d o  = I (a) 

v/// / / .~ r,'////~ r / / / / / / /~  r. ' / / / /~ r / / / / / /~ l 

x --.~ so/do: I (b) 

One-dimensional illustration of the idea that the ratio of metal particle separation 
s to metal particle size d is only a function of x. Particles are shaded. The 
average particle size in (b) is about twice that in (a). 

We now derive, on the basis of the rule sEo°= constant, the low-field and 
the high-field behaviours of the conductivity in granular metals. In order 
to carry out the calculation, a distribution function D(s) of s is required. 
This D(s) is to be distinguished from that  used in eqn. (8). An estimate of 
D(s) can be obtained from electron mierographs. D(8) must have the general 

co 

feature of vanishing in the limits of s-*0 and s--.oo, and ~ ds D(s)= 1. 
o 

In the following we will express D(s) in the form D(s)-g(s)Do(s), where 
Do(s ) = (S/8o ~) exp ( - S/So), and s o is the most probable value of s. 
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(i) Low-field regime 

In this regime the voltage difference between neighbouring metal grains, 
A V, is much smaller than kT/e. Thermal activation is therefore the main 
mechanism responsible for charge-carrier generation. We assume that tile 
generated positive-negative pairs of charged grains are roughly of the same 
size so that  each contributes about half of the charging energy Ec °. Let  us 
consider all those charge carriers with charging energy Eo °'. Their number 
density is proportional to the Boltzmann factor exp [ -Eo° ' /2kT] .  When a 
weak electric field (cA V ~ k T )  is applied, the charge will drift along a path of 
largest mobility towards the electrodes. The charge is inhibited from 
tunnelling to a much smaller grain with Eo°>>Ec °' because the charge has 
insufficient energy. The charge will, therefore, tunnel to grains with Eo ° ~< Eo °'. 
However, since smaller Eo ° is associated with a larger tunnelling barrier by  the 
rule sEe ° = constant, the optimal path, which we will refer to as the percolation 
path, follows the regions with the least deviations of Eo ° from Eo °'. The 
corresponding mobility is proportional to the tunnelling probability (Schiff 
1968) exp [ - 2XS'], where 8' = const./Eo °' and X = [2m¢/~2] 1/~ with m denoting 
the electron mass, ¢ the effective barrier height, and h Planck's constant. 
The total low-field conductivity, %, is the sum of products of mobility, charge, 
and number density of charge carriers over all possible percolation paths, and 
can be written as 

oo oo 
aL OC j fl(S) exp [ -  2Xs- (Ec° /2kT)]  ds= J fl(s) 

0 0 

x exp  [ -  2 x s -  (O/2xskT)] ds, (12) 
where 

C -  xsEc ° (13) 

is a constant and fi(s) is the density of percolation paths~ associated with the 
value s. The integral in eqn. (12) contains two factors, fi(s) and exp [/(s)], 
wi th/(s)  = - 2 X S - ( C / 2 x s k T  ). I t  should be noted tha t / ( s )  is a peaked func- 
tion of s. The maximum value of / (s)  occurs at s m = ~¢/(C/kT)/2 X. Expand- 
ing/(s)  around sin, we have 

I(8) = l(8m) + ~l"(8m)(S-- 8.1V + . . .  

= - 2  ~ - ~ -  ~ (2XS--2XSm)2+ . . . .  (14) 

exp [/(s)] can now be expressed as 

exp 

[ 1J(;)Yl 
X 8 - - ~ X  X (15) 

The density of percolation path fl(s) was not included explicitly in ~he original 
work (Sheng et al. 1973) ; however, the final result is unchanged. 

A,P. 2 G 
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where the first exponential is independent of s and the second exponential is 
a Gaussian with a width As= [1/v/SJx(C/kT)I/4. Thus, the position of the 
maximum of exp [/(s)], sin= %/(C/kT)/2)l, is a function of temperature and 
the height of the peak increases as exp [-2~/(C/kT)] with temperature. 
Let us now examine the behaviour of the product fi(s) exp [/(s)]. If fi(s) is a 
broad function of s, az can be approximated by 

[ 
azocfl(Sm) exp I 

C 2 ~V/,/T / O ~1/4 

where fl(s) was replaced by its value at s = s m and the assumption was made 
that  C/kT>> 1 so that  the Gaussian integrals can be performed. This assump- 
tion is well satisfied in the temperature range where data were obtained. 

From eqn. (16) it is clear that  in order for exp [-2%/(C/kT)] to be the 
dominant temperature dependence of a L, fl(Sm) (-fi(~/(C/IcT)/2X) must have 
a slower temperature variation than exp [-4XSm] (-= exp [ -2~/(C/kT)]) .  In 
order to be more quantitative, let us suppose that  by increasing the tempera- 
ture, s m is decreased by  1 A. If we take (Sheng and Abeles 1972) X -  1/~-1, 
the factor exp [-4)/sin] is increased by  exp [4]_~ 50 times. As long as the 
variation of fi(s) is much smaller than a factor of 50 in the interval s and 
s + 1 A, the temperature dependence introduced by fi(~/(C/I~T)/2X) is negligible. 
In the following we will proceed with the assumption that fi(s) is sufficiently 
slowly varying so that  the above condition is satisfied. 

In order to evaluate the temperature dependence of the pre-exponential 
factor, a detailed knowledge of fi(s) is required. Such a calculation is beyond 
the scope of this work. The uncertainty in the exact temperature dependence 
of the pre-exponential factor introduces some error in the experimental 
determination of C. For the purpose of comparing the theory with experi- 
ment, we will neglect the temperature dependence of the pre-exponential 
factor completely and write 

a L = % exp [ -  2~/(C/~T)], (17) 

where a 0 is a constant independent of temperature. 

(ii) High-field regime 
In the low-field regime the number density of charge carriers is given 

by the thermal equilibrium value. As the magnitude of electric field is 
increased, an additional mechanism, field-induced tunnelling, becomes 
important and the concentration of charge carriers gradually deviates from 
its thermal equilibrium vMue. The relative importance of the two generation 
processes, thermal activation and field-induced tunnelling, is gauged by  the 
ratio I~T/eA V, where A V is the voltage drop between neighbouring grains. 
The transition between the high-field and the low-field regimes is observed 
as a rapid increase in conductivity when ehV becomes comparable to or 
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greater than kT (see § 4.2). When the strength of electric field is further 
increased, electrical conductivity becomes highly non-ohmic, which, as we 
will show below, is a direct manifestation that  field-induced tunnelling 
has replaced thermal activation as the dominant process of charge-carrier 
generation. 

When an electric field is applied to a granular metal it is reasonable to 
assume tha t  the equipotential surfaces are roughly perpendicular to the 
direction of the macroscopic field, and every metal grain is on one of the 
equipotential surfaces. The equipotential surfaces naturally divide up the 
sample into layers, as schematically illustrated in fig. 24, so that  the grains 

Fig. 24 

SURFACE 

Schematic illustration of equipotential surfaces in a granular metal when a macro- 
scopic field d ~ is applied. Significant voltage difference occurs only between 
pairs of particles that are situated on different layers. 

within each layer are approximately at the same potential, and significant 
voltage difference between neighbouring grains occurs only when the two 
grains are on different layers. We will make the simplifying assumption 
that  the applied electric field d ~ gives rise to equal voltage drops A V=gw 
between layers of neighbouring grains.~ The layers are separated on the 
average by w___ s o +d  0, and are roughly perpendicular to the direction of the 
macroscopic field. The quanti ty w can be regarded as the ' lattice constant ' 
of granular metals. 

We first calculate the current density at T = 0 K in order to emphasize the 
physics of the field-induced tunnelling conduction. Generalization to the 
case of finite temperatures will be straightforward. At T = 0, the tunnelling 

It  should be noted that in our original treatment of field-induced tunnelling 
(Sheng and Abeles 1972) we assumed a constant charging energy E~, a distribution 
in barrier thicknesses s and a constant electric field in the insulator. Although 
such an assumption leads to the observed field dependence of the conductivity, it 
predicts a wrong temperature dependence, log aL,,,-I/T, for the low-field conduc- 
tivity. 

2G2 
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rate, r, of electrons from a grain on one layer to a neighbouring grain on the 
next layer is given by t  

oo 
r(8)=rG ~ O ( E ) [ 1 - O ( E + e A V - E o ~ ) ] v e x p [ - 2 X s ] p ( E ) d E .  (18) 

- -  O O  

Here G is the grain volume, E is the electronic energy (E = 0 is the Fermi 
level), p(E) is the density of states, X= [ 2 m ( ¢ - E ) / ~ ]  1/2, ¢ is the effective 
barrier height, and v is the frequency at  which the electron strikes the barrier. 
The function 0(/~), defined such that  0(~) = 1 for tx < 0 and 0(/~) = 0 for/~ > 0, 
ensures tha t  the energy of the tunnelling electron is conserved and that  the 
initial state has an electron and the final state is empty. 7 is a geometric 
factor which takes into account t h e  fact that  tunnelling occurs across non- 
planar barriers. For a planar barrier of uniform thickness, 7 = 1. For the 
case of tunnelling between two irregularly shaped grains the value of 7 can 
be considerably smaller than unity because the ' effective ' area of tunnelling 
is smaller. The value of ? for two spheres is estimated in Appendix B. In 
eqn. (18) the energy dependence of X can be neglected since in our system the 
barrier height ¢ is significantly larger than eAV. Therefore, )/ can be 
regarded as a constant__(2m¢/~) 1/2. Furthermore, we have neglected in 
eqn. (18) the effect of the field on barrier shape and assumed the barrier to 
be rectangular-shaped. The value of the frequency v can be obtained by 
arguments similar to that  of Blatt  and Weisskopf (1952),$ and can be 
expressed as v = l / ( G ,  p(E).  h), where h=2crh. Equation (18) is now re- 
written as 

v 
r(8) = ~ e x p  ( - 2xs)  

=-7 h exp ( -  2Xs)x ~ ~0 

l (eA V -  Eo) 

or, in terms of the quanti ty C = xsEo °, 

' 

S 0(E)[1 - O(E+eA V -  E~I)] dE" 

E c  I ~ eA V 

Eo 1 < eA V 

C 
eA V >~ 2xs 

C 
-e--~ < 2 X s 

(19) 

where we have used the relation )lsEc°= C and the fact that  Ec 1~ _ Ec°/2 (see 
Appendix A). 

In eqn. (18) we use the total kinetic energy of the electron in the expression 
for X, which is appropriate for irregularity shaped particles in the WKB approxi- 
mation. This is to contrasted with the case of planar tunnelling junction where 
only the kinetic energy of the electron normal to the barrier appears in X, and the 
transverse momentum is conserved in the tunnelling process. 

:~ The frequency of oscillation for an electron in a particle is analogous to nucleons 
oscillating in a nucleus. The period of such oscillation is given by 2~/8,  where 8 is 
the energy level separation. 
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Equation (19) expresses the essential physics of field-induced tunnelling 
conduction. The tunnelling of electrons between adjacent neutral grains 
represents the charge carrier generation process. For a certain barrier 
thickness s there is a voltage threshold due to the existence of a charging 
energy Eel= C/2xs below which there is no tunnelling. An equivalent re- 
statement of the threshold condition is that  at a given voltage, electrons will 
only tunnel through barriers with thickness 1> C/2xeA V. Since the tunnelling 
rate depends exponentially on the barrier thickness, the dominant contri- 
bution to the conductivity is due to electron tunnelling across barrier with 
thickness s~_C/2xeAV. Therefore, the dominant field dependence of the 
high-field conductivity is given by 

exp [ - 2XC/2xeA V] =- exp [ - C/eA V] =- exp [ - C/ew#]. 

We now calculate the high-field current density JH. Consider inside the 
sample an imaginary plane of unit area perpendicular to the direction of the 
macroscopic field. The current density j ~  is equal to the sum of negative 
charges which cross the plane along the field direction and positive charges 
which cross the plane in the opposite direction during unit time. If electrons 
and holes have a recombination length l, then only those charges generated 
within a distance I of the plane need to be considered. Assuming all generated 
negative charge carriers would be swept by the field from left to right and all 
the positive charge carriers the opposite direction, the high-field current 
density j n  is equal to twice the rate of generation of charge carriers in a 
volume of unit area and thickness l to the left (or right) of the plane. 

Therefore, 
co 

jH=2e½ ~4/'I S r(s)D(s)ds, (20) 
0 

where 1~4r is the number of pairs of metal grains per unit volume. 
tuting eqn. (19) in eqn. (20), we have 

Substi- 

e~/~lY ~ exp [_ 2Xs] (eSw - C )  JH-- h t C 2XS g(s)Do(s ) ds. (21) 

2x e~w 

Making the change of variable 

yields 

where 

C 1+ 
8 - -  e~w 

JH=h(2XSo+I)2 # e x p  - - ~  o 

+ 

dZ, 

(22) 

(23) 

(2a) 
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Since usually 1/2Xso~l , it follows that  Co"~C. In the case when g(s) is a 
slowly varying function of s, the dominant behaviour of JH is obtained by 
setting g(s) -- 1. Then 

a H =- jH/o z = a~ exp [ - @o/@], (25) 

with 

~ = e~ly/[(8o + d0)~(2XSo + 1)~h] (26) 
and 

~o = Co/eW, (27) 

where we have expressed ¢4 f = 1/(80 + d0)a and w = s  0 + d  o in eqn. (26). 
Generalization to the case of finite temperatures can proceed in two steps. 

First, we replace O(E) in eqn. (18) by  the Fermi function 

/(E) = 1/[1 +exp  (E/kT)]. 

Then eqn. (19) is replaced by 
C 

e ~ w  - -  - -  

Y 2XS r(s) = ~ exp ( -  2xs) 
l _ e x p  [ ( 2 ~ _ e # w ) / k T ] ,  (28) 

where the term due to electrons tunnelling counter to the applied electric 
field, which is negligible for the case eoZw>>bT and vanishes for T = 0 ,  has 
been dropped. Calculation of current density then yields 

7 
J exp [-2xs]g(s)Do(s ) ds. (29) 

JH= h o l _ e x p  [ ( 2 ~ _ e # w ) / k T ]  

Making the same change of variable as eqn. (22), we get 

oo 

aH=-jH/#=ao~ exp [--#o/#] ~ dZ Z exp [ -Z]  
- ~ r o / ¢  

g[8(z)] 
× [ z ~Co 7 (30) 

1 - exp Z + (#0/#) #okTJ 

o r  

oo 

a * = e x p  [-i/#*] ~ d Z Z e x p  [ - Z ]  g[s(Z)] (31) [ z 
-1/~* 1 - e x p  - Z + ( 1 / V  ¢*) T*J  

where a* =-- aH/a~, @*=@/d~0, and T*=kT/C o are the reduced dimensionless 
conductivity, field, and temperature, respectively. Equation (31) predicts 
a scaling behaviour for the temperature and the field dependences of the 
high field conductivity. In other words, eqn. (31) states that  when the high- 
field conductivity data for granular metals with different compositions are 
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plotted on scales of reduced temperatures and reduced field, they obey 
a universal behaviour which is characteristic of field-induced tunnelling. 
The constants C o and @0, whose values depend on the composition and di- 
electric constant of the granular metal, determine the field and the temperature 
scales over which this universal behaviour is observed. This remarkable 
result, a direct consequence of the rule s e e ° =  constant, can be easily verified 
experimentally, and offers an additional test of the theory. In order to 
evaluate the integral in eqns. (23) and (31) it is necessary to assume explicit 
forms for the function g. Computer calculations have shown that  eqns. (23) 
and (31) are insensitive to the form of g(s) as long as g(s) does not vary by 
more than a factor of 10 when s is varied by  1 A. Therefore, in comparing 
the theory with experiment, ,aTe ~11 for simplicity set g(s)= 1 

The second step in the generalization of the zero temperature result is to 
note that  due to quantization of electronic motion within every metal particle, 
phonon-assisted tunnelling must be taken into account. Energy levels are 
separated on the average by  (Kubo 1962, 1969) 

1 E F 
= p(EF)G-  ~ (Tr/6)g a . n'  (32) 

where E F is the Fermi energy and n is the number of conduction electrons 
per unit vo]ume. Due to this discrete separation between electronic energy 
levels, sometimes the closest empty  state which the electron can tunnel to is 
at an energy AE away, where 0 < AE < $. When this happens, there can be 
no direct tunnelling between the grains, even when the condition eA V/> Ec 1 
is satisfied, and the electron must emit or absorb a phonon during the tunnelling 
process in order to reach the final state. The probability of such a tunnelling 
process (with phonon emission or absorption) is expected to increase with 
temperature and to approach a high temperature limit when kT is of the order 
of $ or larger. A similar temperature dependence is found in the analogous 
ease of phonon-assisted tunnelling between localized states in amorphous 
semiconductors (Mort and Davis 1971, pp. 39, 157). Since the increase in 
tunnelling probability due to phonon absorption or emission is independent of 
the field, the resulting increase in conductivity will manifest itself in a 
temperature-dependent a®(T). We will thus treat a® in eqn. (30) as a 
temperature-dependent adjustable parameter. 

I t  is instructive to point out the similarities and the differences between 
Mott's model (Mort 1969, Ambegaokar et al. 1971) of variable range-hopping 
in amorphous semiconductors and our model. In Mott's model the density 
of charge carriers is assumed to be temperature independent, and the percola- 
tion paths for the charge carriers are determined by optimizing the mobility. 
In our model the charge carriers are thermally activated in the low-field 
regime and field-generated in the high-field regime ; tunnelling occurs between 
nearest neighbours only;  and the optimization, when it is used in deriving 
the temperature dependence of %, is applied to the product of mobility and 
number density of charge carriers. The differences between charging energies 
in our model are analogous to the relative displacements of the energy levels 
for the localized states in Mott 's model. However, in our case not only the 
differences but  also the magnitudes of E c play an important role. This is 
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especially obvious in the high-field regime where the governing factor for 
field generation of charge carriers is the value of E c rather than the differences 
in E.. 

4.2. Comparison o/ theory with experimental results 
We now present our experimental results for the electrical resistivity in 

the dielectric regime of granular Ni-SiO 2, Pt-SiOe, and Au-AI208 films. The 
temperature dependence of the low-field ohmic resistivity PL( ~- 1/aL) is shown 
in figs. 25, 26, and 27. As seen from these graphs, the characteristic low-field 

1013 

1012 

I0 II 

i0 I° 

10 9 

Ko 6 

ro ~ 

~o 4 

10 3 

10205 

Fig. 25 

/ 
/ 

/ o ,, / 

/ f y  -,  

i f i _ _  i 

• I 0  .15  . 2 0  f . 2 5  . 35 
i/J~- ( K - ~ )  

Electrical resistivity in the low field ohmic regime Pn, as a function of 1/~/T, for 
several Ni-SiO 2 films. The resistivity was measured normal to the plane 
of the films. The volume fractions x of Ni are indicated in the figure. The 
points are the experimental data, the straight lines represent the relation 
In PL ~ 1/~¢/T. 

behaviour is of the form In pL~ 1/y/T (except for the Au-A1203 film with 
x=0.41, which is in the transition regime) as predicted by eqn. (17). From 
the slopes and the intercepts of the In PL versus 1/~/T plots we obtain the 
values of C and a 0 tabulated in tables 1, 2, and 3. I t  should be remarked 
tha t  due to the fact that  our experimental data cover a large range of 
temperature and resistivity values, the characteristic In PL ~ 1/~/T behaviour 
is readily distinguishable from the 1YIott in pL,~I/T1/4 or the In pL~I/T 
behaviour. 

The field dependence of the high-field, non-ohmic resistivity PH(--l/all) 
at 1.4 K is shown in fig. 28 for several Ni-SiO~ films of different compositions 
and thicknesses. For each composition, with the exception of x--0.41, we 
show resistivities, measured with # normal to the sample plane, for two films 
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10 I~ 

1012-X: 

i0 II - 

I010 - d  

~~ 107 / ' 

106 

105 / d  

104 - 
o o o °  

105 
.05 

Fig. 26 

/ , / o - - - ~  , oe/ , , 
o,o,o /o o/ 
4 /  o o / / / -  
o /x-0~o/ o / o -o" , /o o' o / /  / 
.o  o/>~-.07 o / / o.~ 

/ /o oA=,, / o /  
o,,o //x:,,  / 

/ o~ ° / o/X-.,8 

/ o /  / 
' o,, °" o /  
/ / Pf - SiO 2 

/ / o / °  
o.O o /  

.10 .15 . 0 .25 .50 

I/-,/'-T (K-½) 

Electrical resistivity in the low-field ohmic regime PL, as a function of 1 /v /T ,  for 
several Pt-SiOt films. The volume fractions x of the PL are indicated in 
the figure. The resistivity was measured normM to the plane of the films. 
The points are the experimental data, the straight lines represent the relation 
In PL "~ 1/v/T. 

Fig. 27 

/o.,  -°" 
I ° t  / x = z3 / o /  

^ I  "_~0 / 

/ x = .z8.... ° ' -  - - - ' °  

X = .38 ~ o  ~ 

.o ....-o ~0~ 

I01 

,oOl A u -  A~.20 5 

1611 o-o 

]62l 
.05 

106 

105 

104 

o 
5 1°3 

102 

× = .41 
o 

.10 25 .20 

Electrical resistivity in the low field ohmic regime PL, as a function of 1IV~T, for 
several Au-A120 a films. The volume fractions x of the Au is indicated in 
the figure. The resistivity was measured in the plane of the films. The 
points are the experimental data, the straight lines represent the relation 
In PL "~ 1/V/T. 
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Table 3. Parameters  of Au-Al~Oa 

P 
sample 

pos. 

27 

32 

34 

37 

X 
vol. fraction 

Au 

0-38 

0"28 

0"23 

0"18 

C 
(eV) 

0.004 

0.051 

0.11 

0.12 

g0 (~-i em-i) 

6.0 x 10 -~ 

1-1 x 10 -a 

6.1 x 10 -4 

2.7 x 10 -s 

443 

whose th ickness  rat ios  are 5 : 1. The  films were ob ta ined  b y  two sput te r ing  
runs, one five t imes the  dura t ion  of the  other.  The  res is t iv i ty  of the sample  
wi th  x = 0-41 was measured  with  d ~ in the  plane of the  sample.  The  fact  tha t ,  
wi thin  the  exper imen ta l  unce r t a in ty  in the  thickness  de te rmina t ion  and  the 
possible va r i a t ion  of composit ions,  the  resist ivit ies for the  th ick  and  thin  
samples  are funct ions  of field only (the d iscrepancy be tween the  resistivities 
of the  th ick  and  the th in  samples  can be accounted  for b y  the  u n c e r t a i n t y  of 
thickness de te rmina t ion)  is proof  t h a t  the  observed  non-l inear  behav iou r  is 
a bulk  r a the r  t h a n  a surface effect. I n  all cases, In pH ~ 1/V ¢, which is the 
character is t ic  field dependence of Prt a t  low t empera tu r e s  (see eqn. (25)). 

Fig. 28 

1013 : 

i012 

i0 II 

i0 I° 

Q io 

"-~=10 s 

10 7 

I0 6 

105 0 - - -  

~C) ~" /D I/° h. ~ / = . 1 4  Ix=2 4 )/ t I ' 

/// // x.=.o, 

I~0 20 50 40 50 60 
106/S (cm-V -I ) 

The high-field electrical resistivity Prt measured at  1.4 K as a function of 1/# for 
several Ni-SiO~ films. The thicknesses of the films and the volume fraction 
x of N i  are indicated in the figure. The resistivity of the sample with 
x = 0.41 was measured with the electric field # in the plane of the film, the 
remaining films were measured with # normal to the plane of the film. The 
points are the experimental data, the solid lines represent the relation 
In p ~  ~ 1 / # .  
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F r o m  the slopes and  the intercepts  of the  In p~ versus 1/g plots we determine  
the  values of the parameters  g0 and ~ .  The  values of these parameters  for  
Ni-SiO 2 and P t -S iO  2 are tabled in tables 1 and 2. Again, due to the wide 
range of resis t ivi ty and field values of our  data,  the  In p~=go/g+cons t .  
behaviour  is readi ly  distinguished from the  Poo le -Frenke l  effect In PH ~ -- ~v/g. 
We can also exclude the Fowle r -Nordhe im effect, which has a similar field 
dependence (Good and Muller 1956, Snow 1967) In p~ = g r N / ~ _  In g + const.,  
because the cons tant  g rN is about  40-400 t imes larger t han  the  values of g0 
in tables 1 and  2. l~oreover, we find t h a t  g0 varies appreciable wi th  x while 
in the case of the Fowle r -Nordhe im effect the var ia t ion of g rN with x is 
expected  to be small t .  

The field dependences of PH for two Ni-SiO~ films at  several t empera tu res  
are shown in figs. 29 and 30. As seen f rom the figures, with increasing field, 
In Pr~ at  e levated tempera tures  asympto t ica l ly  approaches the low t empera tu re  
behaviour  In p ~ ~  1/@, the  values of g0 are independent  of t empera ture ,  b u t  
as the t empera tu re  is increased, the intercepts  In p~ are shif ted to lower 
values. As the  field is decreased, In p~ deviates f rom the 1/g behaviour  
and becomes less f ield-dependent.  The  solid curves are the  theoret ical  fits 

Fig. 29 

Ni-SiO 2 
i0 II 

j / o . .sK 
x°.24 / / 

I0 7 o O 

I06 ~ ~  65.7 K 

/ v  
L L I 

0.5 1,0 1.5 2.0 2.5 

lOng (cm-V -I) 

The high-field electrical resistivity Pm as a function of l /g,  for a Ni-Si02 sample 
measured at several temperatures with the electric field ~ normal to the 
plane of the film. The volume fraction x of Ni, the thickness L and the 
temperatures T of the film are indicated in the figure. The points are 
experimental, the solid curves were computed from cqn. (30) with C O and 
ace as adjustable parameters, g(s) = 1, and the values of g0 from table 1. 

The variation of ~rN with x is expected to result from the fact that  for a given 
macroscopic field the value of the microscopic field in the insulator depends on the 
volume fraction of metal x. Therefore, if we use the value of the macroscopic 
field g in the expression log p~gF~/8, then 8 F~ is a function of x. 
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Fig. 30 

I013 ~ , ~ ~ , , , , , - -  

/ 4 6 9  K / N i - S i 0 2  1 .59  K / . / 
012 \ / o  ~ ~ X =,08 

X , , /  ~ ~ L =.08ff- 

'E / /~ /~ 154K 
o 9 n - - - - -  

IO 

f~t 6 ~ i i _J 1 1 i I L _ .  I I 
' ~  I 2 3 4 5 6 7 8 9 t 0  I I  12 

toG/c (cm.V -I ) 

The high-field electrical resistivity PH, aS a function of I/E, for a Ni-SiO 2 sample 
measured at several temperatures with the electric field 5 ~ normal to the 
plane of the film. The volume fraction x of Ni, the thickness L, and the 
temperatures T of the film are indicated in the figure. The points are 
experimental, the solid curves were computed from eqn. (30) with C0 and 
a® as adjustable parameters, g(s) = 1, and using the value of d~0 from table 1. 

of eqn. (30) (with the funct ion g set equal to 1) to the exper imenta l  data .  
The values of d~0 used in eqn. (30) were de termined  from the  high-field, low- 
t empera tu re  da t a  (see fig. 28 and column 4 of tables 1 and 2), C o and a~ (0), 
used as adjus table  parameters  in eqn. (30), are t abu la ted  in tables 1 and 2. 
The t empera tu re  dependence of ~ ( T )  obta ined f rom the fit  will be used later  
to es t imate  the  value of 5, the average separat ion of electronic energy levels 
in a grain. The theoret ical  predict ion t h a t  the  values of C O and  C should 
agree, apa r t  f rom a factor  [(1 ÷ (1/2XSo) ] which is close to uni ty ,  is borne out  
exper imenta l ly  as is seen from tables 1 and 2. 

The t heo ry  fur ther  predicts t h a t  the reduced resist ivi ty p*-OH ( d~, T)/ 
p~(T),  p lo t t ed  as a funct ion of reduced  field 5 ~*-- 5~/5~ 0, and reduced  tempera-  
ture,  T * - k T / C .  (or T*=lcT/C, since C 0 ~ C  ), is a universal  funct ion inde- 
pendent  of the composit ion of the  granular  metals.  To demons t ra te  the 
val id i ty  of this scaling behaviour  we have measured  the field dependences of 
granular  metals  with widely different  composit ions bu t  a t  approx imate ly  the 
same reduced t empera tu re  and found t h a t  t hey  indeed follow a single curve. 
This is seen in figs. 31 and 32. We note  t h a t  the  resistivities for films with 
similar T* follow the same curve even though their  compositions and measur- 
ing t empera tu res  are widely different.  The  values of T* obta ined  by  f i t t ing 
eqn. (31) to  the exper imental  da ta  is somewhat  larger t han  the values of T* 
obta ined f rom low-field measurements .  

The quant i t ies  C O and d°o are re la ted  through the simple relat ionship given 
by  eqn. (27), and the paramete r  w, as s ta ted earlier, is of the  order  w~_so+do. 
The fact  t h a t  the  values of w computed  from w = Co/eW o (column 9 in tables 1 
and 2) are in order of magni tude  agreement  with those de termined from 
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i0 Ic 

10 9 

I0 s 

10 7 

~ io 6 

I0 5 

10 4 

I0 3 

I0 2 

IOJ 0 

Fig. 31 
] I 

X Ti K) T ~ 
<> Pt .14 I..5 .00028 
e~ pf .05 1.5 ,00016 

- o  Pf .18 9.0 ,0059 
o Ni .44 4.5 .0059 

_× Pt .18 24 .0105 
z~ Pf :07 68 .0104 
• PI .05 94 .0t05 
+ Ni .24 $8 .0094 

/ 
o,~/~T % .00022 o..~....-.- -( 

~' / # 1 5  T%.0050 
d o 

A'/° 
_ _ ×  +_ . - i  

~o~,~ ° ~ + - × - 6  ÷ -  . 

/ ,  
~,e I I I 

I0 20 50 40  

I/E * 

Reduced resistivity pH/poo(T), a s  a function of reduced field ~* =~/~o and reduced 
temperature T*, for several Ni-SiO~ and Pt-SiOe samples, measured with 
the electric field 5 ~ normal to the plane of the films. The volume fraction 
of the metal x, the temperature T and reduced temperature T*=kT/C of 
the samples are indicated in the legend. The points are experimental, the 
solid curves were computed from eqn. (31) for the values of T*=kT/C o 
indicated next to each curve. 

electron micrographs (column 10 in tables 1 and 2) is a further verification of 
the model. The parameter w can also be deduced from the value of the field 
at  which the conductivity goes from the ohmic (low-field) to the non-ohmic 
(high-field) behaviour. This is expected to occur when e A V - e # w = k T  (see 
§ 4.1). In fig. 33 is plotted the resistivity p(#, T) at constant temperature, 
normalized by the zero-field resistivity p(0, T), as a function of the field #, 
normalized in the form e#w/kT(=#*/T*). I t  can be seen tha~ over a wide 
range of compositions and reduced temperatures the transition from the low- 
field, ohmic behaviour to the non-ohmic, high-field behaviour occurs at  a 
field for which e#w/kT= 1, at  which point p(#, T)/p(O, T)~_ 1. Thus, the 
microscopic granular metal structural constant w can be deduced from 
macroscopic measurements of temperature and field dependence of the 
electrical conductivity. 

The structural constant C defined by eqn. (13) depends only o n  the 
composition x and the insulator dielectric constant e of granular metals. 
Thus, in a granular metal for a definite value of x the constant C is expected 
to be independent of grain size, and the constituent metal and insulator will 
affect the value of C only insofar as the tunnelling barrier height is affected. 
This invariance of C with respect to grain size has been demonstrated experi- 
mentally in the W-Al~O 3 system. In those experiments it was found tha t  
on annealing with W-AI~O 8 samples at  1100 K for 150 hours the values of d o 
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Fig. 32 

x T(K) T ~ 
i010 v Pt .18 6 .0026 

- *  Pt .07 18 .0028 
0 Pt .o5 2~ . .oo27  

io 9 onpt .18 12 .oo52 
Pt I1 24 .oosL m*=.O04~ 

+ Pt .07 56 .0055 
• Pt .05 48 .0054 

108 • Ni .44 6,6 .0043 

a Pt 14 36 .0070 ~ /  
lO ~ • N~ :08 s4 .oo64 / o  T*--O070~ 

0* ." 

10 3 

I 0  2 

i01 ! i i J 
0 I 0 2 0  50  4O 

I / E  "x 

R e d u c e d  res i s t iv i ty  pjz/poo(T), as a funct ion  of reduced  field #*=g~/@0 are reduced 
t e m p e r a t u r e  T* for several  N i -S i02  and  Pt-SiO~ samples,  measured  with  
the  electric field 5 ~ normal  to t he  plane of the  films. The  vo lume fract ion 
of t he  me ta l  x, the  t empe ra tu r e  T and  reduced  t empera tu res  T*=lcT/C of 
the  samples  are ind ica ted  in the  legend. Solid curves were computed  from 
eqn. (31) for the  values of T* =IcT/C o ind ica ted  nex t  to each curve.  

Fig.  33 

I I i 

T ~" T ( *K)  X 
o .0052  12 .18 

P t - S i 0 2  x . 0086  77  ,05 
13 . 0088  56  34  
A .011 2 4  .18 
+ .011 151 .04  
W .012 7 7  .07 

I F , ~ o  m .017 77  .14 
I -  
d 

of 7 
Q-. Z~ 
'~. x m, ,~+ 
Lj m 
~.5 - x o z~V 

11 
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V • 

o x A V + t 
n 
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~o x v 
I I I 

0 I 2 5 4 

e £ w / k T  

Normalized p(#, T)/p(O, T), as a function of electric field d ~ (normalized by lcT/ew), 
for several Pt-Si02 samples, measured with d ° normal to the plane of the 
film. The volume fraction x of Pt, the temperature and the reduced tempera- 
tures T* =lcT/C of ~he samples are indicated in the figure. 
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increased by a factor 2 to 5 depending on the composition x. At the same 
time, the resistivities in the dielectric regime were found to increase by several 
orders of magnitude, yet the values of C remained unchanged. Large varia- 
tions in the resistivities of granular metals in the dielectric regime with small 
or no variation in C has also been observed to occur due to differences in 
sputtering conditions (see § 2.1). Thus, C is a useful materials characteriza- 
tion parameter because, unlike the resistivity, it is insensitive to the grain 
size and the method of preparation. In fig. 34 we have plotted C as a func- 
tion of x for several granular metal systems. With the exception of the 
Ni-SiO~, we note that  C(x) is insensitive to the constituent metals and 
insulators. In the case of Ni-SiO 2 the displacement of the C(x) curve to 
higher values of x may be due to the presence of NiO in the films (see § 2.3). 

Fig. 34 

2 . 0  l I I I 

1.5 - 

> I - 

e~  

( j  

O W - ALZ03 

A P t - S i O 2  

[ ]  A u - A L = O  3 

X N i - S i 0 2  

- - T H E O R Y  

. 5 -  

L~ x/ 
x 

o zx/  × 

--Q'-'--'O ~ 13 I 
.5 .4 .3 .2 .I 0 

x 

The parameter C, as a function of volume fraction of the metal x, for Ni-SiO2,Pt-SiO ~, 
Au-A1208 (tables 1-3) and W-Al~O 8 (Abeles et al. 1975). The points are 
experimental, the solid curve was computed from eqns. (33) and (34) for 
-q=l eV. 
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The4heoretical expression for C(x) was calculated assuming a model in which 
the granular metal is replaced by a simple cubic lattice of metal spheres of 
constant diameter d with a lattice constant s + d. 
derivation of which is given in Appendix A, is 

(s/d) 2 

c=v (½+ (s/d))' 
where 

s/d-- (rr/6x) 1/a - -  1, 

~q = 2xe2/e, 

and e is the dielectric constant of the insulator. 

The expression for C, the 

(33) 

(34) 

(35) 

The solid curve in fig. 34 
represents the best fit of eqns. (33) and (34) with a value of V = 1 eV. We 
can calculate a theoretical value of ~/from eqn. (35). For instance, using for 
X and e the values corresponding to bulk SiO 2 (Sheng and Abeles 1972, 
Goodman 1966)~ X = 1 A -1 and E = 3.8, we obtain V_ 7.5 eV, which is an order 
of magnitude larger than the experimental value. The reason for this 
discrepancy may lie in the fact that  in the granular metal the insulator may 
have a smaller value of X and a larger dielectric constant e. Furthermore, 
the representation of irregularly shaped metal particles by metal spheres is a 
gross over-simplification. Since tunnelling naturally selects the minimum 
separation between two grains, the effective tunnelling barrier thickness 
could be appreciably smaller than the average separation between the grains 
if the metal particles have sharp protrusions. We take such an effect into 
account by defining an effective tunnelling barrier thickness s t=as  with 

< 1, so that  C = xstEo°. In the expression for Ec °, eqn. (A 2), we continue 
to use for s the average separation between the grains, since the sharp protru- 
sions do not significantly affect the total electrostatic field energy in the 
insulator. Therefore, the expression for C is given by eqn. (33), with ~/= 
2axe2/e. The experimental value of V = 1 eV can be achieved by setting for 
instance, a=0.5,  X=0.5 A -1, and E--7. Such values are not unreasonable. 

Fig. 35 

4 

3 
8 
b 

8 
b I 

I I I I [ I [ 

- 

I I I I I I I 

I0 20 30 40 50 60 70 

T ( K )  

Temperature dependence of a~ plotted as a function of T. 

We are using the low-frequency value of e=3.8 (Handbook of Chemistry and 
Physics (Cleveland : The Chemical Rubber Co.), p. E-67). 

A.P. 2 H 



D
ow

nl
oa

de
d 

B
y:

 [I
ng

en
ta

 C
on

te
nt

 D
is

tri
bu

tio
n]

 A
t: 

10
:1

9 
24

 O
ct

ob
er

 2
00

7 

450 B. Abeles et al. 

However, further experimental work is required for a more direct determina- 
tion of X and e. 

From the measured temperature dependence of p~(T) information can 
be obtained on the finite energy level separation 8 within a grain due to 
quantization of electronic motion. In fig. 35 is plotted cr~(T)/so~(O) versus 
T for a Ni-SiO 2 film. We note that  e®(T)/s~(0) saturates at  high tempera- 
tures. If we take 40 K as the point at wh ich / sT_  ~ 8 (see § 4.1), we obtain 
the value 8_~4meV. Using the values (Campbell 1970) EF_TeV,  n= 
8-8 x 102~ cm -s corresponding to Ni, and the values of 8 given above, we get 
from eqn. (32) d0~ 40 A in reasonable agreement with the value of d0= 25 A 
in fig. 17 for x=0.24. 

§ 5. SUMMARY AND DISCUSSION 

In order to facilitate the summary of our present work, we present in 
table 4 all the main theoretical and experimental results of this paper. To 
emphasize the inter-relationship between the different physical effects and 
the structure of granular metals, we have included in table 4 also some of 
the other physical phenomena in granular metals (Abeles 1976). 

We would now like to make a few specific remarks regarding the experi- 
mental observations by other workers on the electrical properties of granular 
metals. In comparing the results of various research groups on the tempera- 
ture dependence of the resistivity of granular metals, care must be taken to 
distinguish the regimes in which the data were taken. In  the transition 
regime the temperature dependence deviates from the dielectric regime 
behaviour ln p L ~ I / ~ / T ,  because in addition to the thermally activated 
tunnelling, classical pereolation conduction also contributes to the electrical 
current. Examples of the temperature dependences of PL in the transition 
regime are Au-AI~O 3 with x=  0.41 in fig. 27, Gittleman et al. (1972) and Abeles 
and Sheng (1974) for Ni-SiO 2 films, Devenyi st al. (1972) for Nb-AI~O a films, 
and Hauser (1973) for AI-A120 a, Sn-SnO2, and Ni-NiO films. In the di- 
electric regime, the results presented in this paper, as well as those published 
by other workers (Hauser 1973, Zeller 1972), show that  granular metals are 
well characterized by the temperature dependence of In pL~ 1/~¢/T. Some 
previous workers have plotted In PL versus 1/T in order to extract a single 
activation energy Eo. However, closer inspection shows tha t  either a better 
fit to the data (Miller et al. 1970, Miller and Shirn 1967, Shashital and Parker 
1971, Pollard et al. 1969) can be obtained with In PL ~ 1/~/T or the temperature 
range of measurement was too small to distinguish from the 1/v /T  behaviour 
(Fuschillo and 3/[cMaster 1971). Although the In p L ~ I / ~ / T  behaviour is 
expected to be valid for most granular metals in the dielectric regime, it does 
not follow that  the low-temperature field dependence of pg cannot deviate 
from the In OH ~ 1/~ behaviour observed in this work. Such a deviation 
can occur when thermally activated emission over the barrier (Poole-Frenkel 
effect) is more probable than tunnelling through the barrier (field-induced 
generation of charge carriers). In our materials the barrier height is suffici- 
ently high so that  the tunnelling always dominates. 

There are a number of questions regarding the electrical transport properties 
of granular metals that  require further investigation. In the dielectric regime 
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the  electron-hole pairs have a finite lifetime and recombination length l. 
Such a finite recombination length 1 should manifest itself in the measurement 
of field-dependent conductivity when the thickness of the sample is made 
comparable or less than l. In the present work the experimental results 
indicate tha t  in all our samples the condition l < L  pertained. Another 
phenomenon is that  of trapping of charge carriers, which we believe is 
responsible for interesting polarization effects t observed at high fields and 
low temperatures. The observed effect is a slowly decaying small residual 
electric field of opposite polarity to the applied field after the external field 
is removed. Such an effect could be due to the trapping of charge carriers 
on large particles surrounded by  smaller particles. Another interesting effect 
is field breakdown. At sufficiently high fields, when the voltage drop A V 
between particles becomes comparable to C/e, where ¢ is the height of the 
tunnelling barrier, the Fowler-Nordheim effect is expected to become dominant. 
In that  case the electrons tunnel through a triangular barrier directly into the 
conduction band of the insulator. The field dependence of PH in this new 
regime is still expected to be of the form In OH" 1/d~; however, the pro- 
portionality constant given by  the Fowler-Nordheim theory is expected to 
be one or two orders of magnitude larger than the d~0 (see § 4.2) due to field- 
induced tunnelling between grains. We have made preliminary observation 
of switching phenomenon at high fields which we believe can be ascribed to 
the onset of Fowler-Nordheim tunnelling. The a.c. conductivity is another 
area where more experimental and theoretical studies are required. Our 
preliminary results indicate that  in the dielectric regime, a.c. conductivity 
(at 100MHz) aa.c.~w~ (where ~o is the frequency) and that  the dielectric 
constant is an increasing function of x, becoming very large (~  100) near the 
percolation threshold. Granular metals represent an interesting physical 
system for studying percolation conductivity (Abeles et al. 1975). So far, 
most of the work in this field was restricted to computer experiments 
(Kirkpatrick 1973) and to simplified systems such as conducting papers 
peppered with holes (Last and Thouless 1971), grid of carbon resistors (Adler 
et al. 1973), and two-dimensional mesh screens with sites removed (Watson 
and Leath 1974). Further work on granular metal should provide valuable 
information on the conductivity threshold behaviour in three-dimensional 
systems. Granular metals also provide an interesting system for studying 
noise phenomena. Noise is expected to arise from a contribution due to the 
fluctuation of charge carrier density and a contribution due to the tunnelling 
process. From the temperature dependence of the noise one should be able 
to distinguish the two types of noise. Finally, a problem of considerable 
theoretical interest is the transition of a granular metal characterized by a 
finite metal particle size to an amorphous material consisting of a random 
dispersion of insulator molecules and metal atoms. Such an 'amorphous  
metal ', which one might be able to produce by cryogenic deposition, is 
expected to have drastically different properties from the granular metal. 
Whereas the transition from the metallic to the dielectric regimes in granular 
metals is due to the breaking up of the metal continuum into isolated metal 
particles, the corresponding transition in the amorphous metal is likely to be 

t J. I. Gittleman and B. Abeles (unpublished). 
2H2 
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a microscopic electronic transition. Further  research in this area is expected 
to play an important role in the understanding of metal-non-metal transition. 
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A P P E N D I X  A 

In this Appendix we derive approximate expressions for the charging 
energy Eo (Miller et al. 1970, Miller and Shirn 1967, Neugebauer and Webb 
1962, Neugebauer 1970, Hill 1969) and an expression for C(x). Consider a 
cluster of neutral metal particles, schematically shown in fig. 36 (a). In 
order to remove an electron from the central grain to infinity, a certain 
amount of energy is required. That energy is equivalent to the total energy 

Fig. 36 

(a) ~) 

For the purpose of calculating the charging energy Ec, the geometry in (a) is 
approximated by that of (b). 

stored in the electrostatic field of a positively charged metal grain. In order 
to calculate this electrostatic field energy Ees, we assume that  most of the 
energy is stored in the space between the central metal particle and its nearest 
neighbours. For simplicity we replace the geometry of fig. 36 (a) by  that of 
fig. 36 (b). Then by  elementary electrostatic theory 

E e s = - 8 ~  el2 ~ 4rrr 2dr 

e28 
= , ( A  1 )  

~d ~ + s  

where e is the dielectric constant of the insulator. In the case of charge 
carrier generation, a pair of negatively and positively charged metal particles 
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are created. If we neglect the interaction energy between the pair, the 
charging energy is given by 

EoO= [ ,] (A 2) 
E 1 8 " [ 

From eqn. (13) it follows that 

4xe 2 ( s /d)  2 
C = xeEo ° = - -  (A 3) 

If we write E°°= 2e2/Kd, where K is defined as effect dielectric constant of 
the granular metal, then from eqn. (A 2) it follows that K=e[1 +(d/2s)]. 

In order to relate the ratio s/d to the composition x, we will approximate 
the granular metal in the dielectric regime by  a simple cubic lattice of metal 
spheres with lattice constant s + d and metal sphere diameter d. The volume 
fraction of metal x is then given by 

In other words, 

X = ( l + d ) a "  
(A 4) 

=\~xx/  - I "  (A5) 

Therefore, substitution of eqn. (A 5) in eqn. (A 3) yields 

C(x) = 2xe-----~ [(lr/6x)l/3- 1 ]3 (A 6) 
e [(rr/6x)l/~-½] " 

In order to estimate the energy Ec I required to generate a pair of neigh- 
bouring, positively and negatively charged grains, we consider the model of 
two equal metal spheres of diameter d in an effective medium with dielectric 
constant K=¢[1  + (d/2s)]. If the separation between the centres of the two 
spheres is d + 8, elementary electrostatics theory gives 

with 

E ~ 2e2 ( ) -1  
o =~--~ s inha  ~ csehna 

n = l  

(A 7) 

When we substitute eqn. (A 5) for s/d in eqns. (A 7) and (A 8), we get an equa- 
tion for Eo 1 as a function of x. This is shown in fig. 37. I t  is obvious from 
the graph that  over a wide range of composition, Eo l_  ~ Eo°/2. 
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1,0 

.9 
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Fig. 37 
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Variation of Eo 1 / No ° with composition. 

J 

I 
.I 0 

A P P E N D I X  B 

In this Appendix we estimate the magnitude of the geometric factor y. 
As defined in § 4.1, the geometric factor takes into account the effect of the 
non-planar tunnelling barrier. An approximation to the value of $ can be 
obtained by calculating, in the transfer Hamittonian formalism, the ratio of 
the tunnelling matrix elements squared for the two cases shown in fig. 38. 

The matrix element in the Bardeen formalism can be written as (Bardeen 
1961, Duke 1969) -(5~/2m)~ ( ¢ L V C R - - ¢ I ~ V C L ) . d S ,  where ~ L ( ¢ R )  i s  the 
wavefunction of the electron when it is at left (right) side of an imaginary 
surface 5 f, between the two grains, shown as dashed line in fig. 38, and d$ is 
the surface element of the surface 5 z with unit vector perpendicular to the 
surface. 

Fig. 38 

Q 
t~-- s--~ 

(a) 

l 
(b) 

Geometries used in estimating the geometric factor y. 

For case (a), we take the wavefunction of a spherically symmetric state 

I 
sin (kr)/sin (kd/2), r <d/2 

1 1 I (B1)  
¢(r) = V(47r) q r 

( e x p ( - x ) ( r - d / 2 ) ,  r>d/2 
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where r is the distance from the centre of one spherical grain, 

k = (2mElt2) 1/2, 
and 

is the normalization constant. The matrix element is therefore 

~2X2 2 1 (B 2) 
'Ml'~---2---mmeXp(-xs)( d ¢ ¢ -EX~+__E__+ l )  x(d+s)' 

where we have assumed x(d + s)>> 1, which is true in our ease. 
For case (b), we note that  the wavefunetion can be written in the form 

¢(x)¢(y)¢(z), and the matrix element becomes 

I M~ I -~ - ~ eL(X) VX ¢.(X) -- ¢,~(~) ~ ¢'L(X) I / dy d= I¢(y) l~l¢(~)l ~ 

- 2m ¢l"(X) ~x C a ( x ) - ¢ a ( x )  ~x eL(x) ' (B 3) 

where x is the direction along the line joining the eentres of the two grains. 
For ¢(x) we choose 

V2 [cos (kx)/cos [k(d/2)] I~l <d/2 

¢(x) = T J (B 4) 
[exp{-x[.-(,~/2)]} [zI>,t/2 

where x = 0 is the centre of the grain and q and ]c are defined as before. The 
matrix element in this case is 

/~"x2 ~ 2 (B 5) IM21=~ exp(-xs) de 

By assuming ¢ and E in cases (a) and (b) to be the same, we get estimates of 
the geometric factor:  y 2  ]Ml[2/lM~l~=l/[x(d+s)] ~. From this form of y 
we can get a theoretical estimate of the recombination length 1 using eqn. 
(26): 

l = hw2(2Xs° + 1)~a~ 

hx2w4(2XSo + 1)~aoo 
= e2 (B 6) 

Using the values of ~ = 7 x 1 0  -4f~-Icm-1, x = I A  -1, s 0=10A,  and 
w=30A (sample 24, table 2), we get l~_200A. 
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