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1. Introduction

A physical system in which phase transition(s) can occur is usually
characterized by one or more long range order parameters (order pa-
rameter for short). For example, in nematic liquid crystals the order
parameter is the quantity S = (Pz(cos 6)) as defined in previous
chapters;!-3 in ferromagnets the order parameter is the magnetiza-
tion in a single domain; and in liquid-gas systems the order parame-
ter is the density difference between the liquid and gas phases. In
each of the above cases the state of the system, at any fixed tempera-
ture, can be described by an equilibrium value of the order parameter
and fluctuations about that value. A phase transition can be accom-
panied by either a continuous or a discontinuous change in the equi-
librium value of the order parameter when the system transforms
from one phase to the other. (For simplicity we will consider temper-
ature as the only thermodynamic variable in this paper; the pressure
depedence of the various phenomena will be neglected).

From the above discussion it is apparent that an essential element
in the theory of phase transitions is the determination, at every tem-
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perature, of the equilibrium value and fluctuation amplitude of the
order parameter. In principle this can be accomplished if one can cal-
culate the free energy F[6,T] of the system when it is in a state char-
acterized by a value o of the order parameter and a temperature T
F[o,T] is sometimes called the Landau free energy function to distin-
guish it from the total free energy of the system. The equilibrium
value of the order parameter is that value 0.,(T) which minimizes
F[o,T]. The relative probability for the system to fluctuate to a state
characterized by eis proportional to exp{—8(F[o,T] — Flo,(T),T])},
where 8 = 1/kpT, kg being the Boltzmann constant. So far we have
neglected spatially nonuniform fluctuations of the system, i.e., fluctu-
ations that produce spatial variation of the order parameter. To in-
clude such fluctuations in the theory, one usually first calculates a
free energy density at each temperature as a function of the order pa-
rameter and its spatial derivatives. The free energy for an arbitrary
spatial variation of the order parameter, o (#), where 7 denotes spatial
position, is then obtained from the free energy density by a volume
integration. Thus, in the general case, the theoretical description of a
phase transition is equivalent to the determination of the free energy
density as a function of the order parameter, its spatial derivatives,
and the temperature. However, a rigorous determination of the free
energy density function is extremely difficult since it is almost equiv-
alent to the complete solution of the phase transition problem.

In 1937 Landau* made an elegant and far-reaching speculation
about the functional dependence of the free-energy density on the
order parameter and its spatial derivatives near a second-order phase
transition point. Briefly, Landau speculated that near a second-order
transition the free-energy density function can be expanded as a
power series in the order parameter and its spatial derivatives, with
temperature dependent coefficients. Landau further argued that, suf-
ficiently close to the transition, only the leading terms of the series
are important, so that the expansion of the free-energy density func-
tion becomes a simple low-order polynomial. Despite certain short-
comings,5 Landau’s theory of phase transitions has proven to be as
good as mean field theory in providing a semi-quantitative descrip-
tion of the specific heat, the order parameter, and the entropy in the
vicinity of a second-order phase transition. Moreover, the Landau
theory is mathematically simpler than mean field theory, and the in-
clusion of spatial variations of the order parameter gives it a new di-
mension not found in mean field theory. Of course, the Landau theo-
ry is useful only in a limited temperature range close to the transition
point, and it contains more phenomenological parameters than does




LANDAU--deGENNES THEORY 145

mean field theory. In these respects it is somewhat less satisfying
than mean field theory.

Although originally intended as a theory of second-order phase
transitions, the Landau theory can easily be generalized to include
first-order phase transitions.® de Gennes’ was the first to successfully
apply Landau’s theory to the first-order liquid-crystal phase transi-
tions. It is the purpose of the present chapter to develop this Landau-
de Gennes theory of liquid-crystal phase transitions and to discuss
and illustrate its use. In the following sections, the derivation and
discussion of the basic equations will be followed by application of
the theory to the calculation of thermodynamic properties and fluc-
tuation phenomena of liquid-crystal phase transitions, and by a de-
scription of some of the theory’s more novel predictions and their ex-
perimental verifications.

2. Derivation of the Fundamental Equations of the Landau-de
Gennes Theory

2.1 The Partition Function

We begin by considering a macroscopic system whose equilibrium
state is characterized by a spatially invariant, dimensionless, scalar
order parameter o. Any disturbance in the system, such as thermal
fluctuations, produces spatial variations of the order parameter.
However, for low-energy (long wavelength) fluctuations, the spatial
variations occur on a scale much larger than the molecular dimension.
Therefore, if we limit our consideration only to the equilibrium state
and low-energy fluctuations about the equilibrium state, we can
imagine dividing the system into, say, M small, cubic, spatial regions
each of volume AV. Each of these regions contains a sufficient num-
ber of molecules so that long-range order is well defined inside the re-
gion, yet is small enough compared to the wavelength of low-energy
fluctuations that spatial variation of the order parameter within the
region is negligible. The partition function for one such region, say re-
gion a, is

2@, T) = 2 exp[-BE(d)], [1]

where E;(a) is the energy of region « (excluding its interaction with
the rest of the system) when it is in state i (a state is defined in quan-
tum systems by the eigenstate of the system and in classical systems
by a‘set of numbers giving the spatial positions and momenta of all
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the particles). In general, the summation extends over all possible
states of region «; however, we can make a simplifying approximation
since we are only interested in low-energy fluctuations, which pro-
duce negligible spatial variation of the order parameter in region a.
Thus out of all the possible states i of region «, we only sum over
those states p which can be characterized by a single value of the
order parameter. The resulting approximation to 3 («,7") will be de-
noted by Z(a,T). We now divide the possible values of the order pa-
rameter into small intervals of width Ac(a) and group together all
those states having values of the order parameter in the same inter-
val. By denoting the number of states in the interval centered at o(«)
as N[o(a)], it follows that

s, T) ~ Z(a,T) = ) exp[-BE,(d)]
b

Nig(a
= = {3 eplpr o))y, 12
ola) j=t

where Ej[a(a)] is the energy of one of the states having an order pa-
rameter value within the interval centered around ¢(«). Note that
N[o(a)] depends on the width of the interval Ao(a) and, though re-
gion « is small, it still contains a sufficiently large number of mole-
cules that N[o(a)] must be very large in any finite interval Ac(a). It is
therefore meaningful to define a density of states p[s{a)] such that

olo(a)] = lim Mol 3]

actar~o Ao(@) -~

By reducing Ac(a) to a differential, do(a), and by assuming that the
energy of any state p in region « can be expressed as a continuous
function, E[s(c)], of the order parameter, Eq. [2] can be accurately
replaced by

Za,1) = [do(plo(d)] exp{-pEl(@T, W

where the integral extends over all possible values of the order pa-
rameter.

We now define a Landau free energy function }[o(a),T] of region
a, when it is characterized by the value o(a), as

flo(a), T] = E[o(a)] — k5T In p[o(a)]. [5]
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In terms of f[q(a),T], Eq. [4] can be expressed as

Za,T) = [do(e) expl-g7[o(a), TT, 6]

and the total free energy of region «, F(a,T), is given by the usual
relation

Fla,T) = —kzT In Z(a, T). 71

Let us now consider the interaction energy between two neigh-
boring regions, say regions o and « + 1. When the order parameter
characterizing a physical system deviates from spatial uniformity,
there is always a restoring force tending to bring the system back into
spatial uniformity. It is therefore plausible to treat the interaction
between two neighboring regions as being elastic. That is, the interac-
tion energy I between regions « and « + 1, when they are character-
ized by the order parameter values o(«) and o(a + 1), is, to a first ap-
proximation, a function of the difference between o(a) and o(a + 1).
I has the property

Ifole) — ola + 1), T] =

0 for o(a) = ola + 1)
(8]
positive and
increases with
|o(@) — o{a + 1)| for o(a) # ola + 1),
where| | denotes the absolute value. The combined Landau free en-

ergy of reglons a and a + 1, when they are characterized by () and
o(a + 1), is then given by ?[a(a) T] + flo(a + 1),T] + I[o{a) — o(a
+ 1),T]. The complete partition function for the two regions, includ-
ing the interaction, can be written as

Z(a,a + 1,7) =fd0(a)fdo(a + 1) exp{—B(fA[(r(a),T].+
f[o(a + 1), T] + I[lo(a) — o(la + 1), T)H}.

It should be noted that if I = 0, Eq. [9] gives the expected result
F(a,a + 1,T) = =kgT In Z(a,a + 1,T) = F(a,T) + F(a + 1,T) for
two noninteracting regions. For the purpose of simplifying the count-
ing, we will define the quantities I’ (e, T), T'(a + 1,T) such that
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(o + 1,T) = Na,T) = %I[O’(Oz) ~ ol + 1),T]. [10]

In other words, the interaction energy between two neighboring re-
gions is split equally and counted twice: once as belonging to region «
and once as belonging to region o + 1. Eq. [9] can now be put in the
form

Zla,a + 1,T) = fdo(a)fdor(a + 1) exp {—B(f[o(a),T] +
flola + 1),T] + T(a,T) + T(a + 1,T)}.  [9a]
We can easily generalize Eq. [9a] to obtain the partition function

Z(T) of the whole system, where each region interacts elastically with
its neighbors:

2(7) =fdo(1)fdo(2). . .fdo(M) exp[ B:Z:I [o(a), T) + T(a, T))]
=f1){o(1),o(z), . o() exp[ ola), T] + T(a, ﬂ)], [11]

=

a:l

where I'(a,T) is equal to half the interaction energy of region a with
its neighbors and is understood to depend on the difference in order
parameter values between region a and its neighboring regions. {a(1),
a(2), ..., o(M)} denotes a set of M numbers the value of each of
which is bounded by the maximum and minimum values of the order
parameter, and the integral over D{o(1), ¢(2), ... ¢(M)} means inte-
gration over all possible sets of M numbers with the above constraint.

In Fig. 1 we illustrate schematically the equivalence of integration |
over each o(a) individually and integration over all possible sets {a(1), ;

6(2),..., o(M)}.

It is convenient at this point to change notation somewhat. We will

henceforth label each region by the spatial coordinate F, of its center.

Since the volume of each region is AV, we can define a free energy

density,

flo(#,), T] = flota), 7] [12]

AV

and an interaction energy density,

Y (7 T) = F(AO’—",T). [13]
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Since individual regions are small compared to the entire system, it is
the usual practice to regard each region as a spatial “point” in the
system. Thus ¢(f,) — ¢(f) and fle(7,),T] — flo(7),T], where o(F)

o OF
REGION 2

o-mox

{om,o@}

Ominf-——

I
f 1

Omin Omax O OF
REGION |

Fig. 1—Schematic illustration of the equivalence of integrating over do(1) do(2) and
summing over all possible sets of numbers {o(1), o(2)}. A set of numbers {a(1),
a(2)} corresponds to a point inside the square as shown; summing over all pos-
sible sets assures that the area of the entire square is included. Generalization
to any arbitrary number of variables is straightforward.

and f[o(7),T] are defined at any arbitrary spatial “point” 7. Recall
that, to a first approximation, I'(«,T') depends only on differences in
the order parameter values between region « and its neighboring re-
gions, so that y(7,,T) can be replaced* by y[Vs(#),T]. It therefore
follows that

3" {Flo(a), T] + T(a, D)} = Z”jl 07D, T] + (7, DAY
a=1 o=
o j &7 {flo®, T + {[Fo@), TT}, [14]
e
sample

and each set of numbers {a(1), ¢(2) ... ¢ (M)} is uniquely replaced by

* Theoretically the interaction term should depend on all orders of spatial derivatives of the order pa-
rameter. However, later development will show that one needs only retain the first order spatial de-
rivatives of o(7) to obtain the Landau expression. Therefore, for simplicity, the function v will be as-
sumed to depend only on V(.
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a spatial function ¢(7). Eq. [11] can now be rewritten as

Z(T) =fD0(?) exp{—B [d*A{(f[o(¥), T] + v[Vo(@), T]}
| [15]

where we have used Feynman’s path integral notation® Do (#) to de-
note integration over all possible functions ¢(F). Eq. [15] is the cen-
tral result of this subsection. Some of the implications of Eq. [15] are
discussed in Appendix A.

2.2 The Landau Expansion

Calculation of the physical properties of a spatially uniform, macro-
scopic system requires information about f[s,7T"] only in the immedi-
ate vicinity of its minimum at temperature 7', due to the sharpness of
the peak in the function exp{—8Vf[s,T]} (See Appendix A). This
implies that for a physical system having a second-order phase transi-
tonat T = T,, with ¢ = 0for T > T, and ¢ = 0 for T < T, (such as
the ferromagnetic phase transition), many features of the transition
can be deduced if f[¢,T’] is known only in the neighborhood of & = 0,
T = T,. Landau speculated that the first few derivatives of the func-
tion f[o,T] with respect to o exist, and that they have finite values
when evaluated at 0 = 0, T = T,. For a second-order phase transition
the value of ¢ varies continuously and can be arbitrarily small near 7
= T, therefore, the Landau assumption enables one to express f[s,T]
near T = T, as?

Flo,T) = £,[T] + MT)o + %A(T)oz +
%B(T)o3 + %C(T)c“ + ..., [16]

Various properties of the exptinsion coefficients A\, A, B and C can be
obtained from quite general considerations.

For definiteness we will examine the expansion in relation to two
physical systems: (1) the CuZn (8-brass) binary alloy and (2) a ferro-
magnet such as iron. It is well known?® that CuZn has a second-order,
order—disorder transition at 7, = 742°K. The crystal structure at
0°K can be described by two interpenetrating simple cubic lattices
each with N sites. Let us suppose that lattice 1 is occupied by Cu
atoms and lattice 2 by Zn atoms. As the temperature is raised above
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0°K, some Zn atoms will be found on lattice 1 and some Cu atoms on
lattice 2 but, so long as the temperature is less than T, No,(1)/No >
', where we have denoted the number of copper atoms on lattice 1 by
Ncu(1). For temperatures in excess of T,, complete randomization
occurs and N¢,(1)/Ng = Nz,(1)/Ny = %. A suitable order parameter
" for the system can be defined as

— NCu(l) " NZn(l)

, ’ [17]

[y

which is zero for T' > T, and in the range 0 to 1 for T' < T.. It is also
obvious that the state characterized by —o = [N¢,(2) — Nz,(2)]/No
is physically equivalent to the state characterized by +¢ because the
difference between the two can be ascribed to the interchange of la-
belings for lattices 1 and 2. It follows therefore that the free-energy
density for —o must be equal to that for +¢ and hence A\(T") = B(T)
= 0. In fact, all the terms having odd powers of ¢ must necessarily
have vanishing coefficients. This is a general result not limited to the
CuZn system alone. Consider the ferromagnet, iron. In this case the
order parameter is given by a vector /i defined as

m = M/M,, [18]

where M is the magnetization vector and M, is the magnitude of the
saturation magnetization at 0°K. The equilibrium state is character-
ized by m = 0 for temperatures above the Curie point and by 0 < |
< 1 for temperatures below the Curie point. In exact analogy with the
case of a scalar order parameter, the free energy density can be ex-
panded in terms of m. However, since the free energy density is a sca-
lar quantity, the Landau expansion of f{m,T] about /i = 0 can only
contain scalar combinations of /. It is therefore obvious that A (T) =
0. B(T) must also vanish since it is impossible to construct a scalar
from three vectors. As before, we see that the coefficients of the odd
order terms in the expansion vanish. The above arguments can be
simfilarly applied to other examples of second-order transitions.10:11
In fact, for a second-order phase transition, one can always define an
order parameter such that its equilibrium value is zero for T = T,
and nonzero for T' < T, and such that A\(T) = B(T) = 0 in the Land-
au expansion of f[s,T].
For a second order phase transition, Eq. [16] thus takes the form

flo, T] = £lT] + %A(T)oz + %C(T)o‘l + ... . [19]
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At this point Landau* assumed further that near T, the coefficient
C(T) is a slowly varying function of T compared to A(T) and there-
fore can be replaced by a constant C > 0 in the temperature range of
interest. Since the order parameter is zero at equilibrium in the high
temperature phase, it is necessary that ¢ = 0 be a minimum of f[s, 7]
for T > T, and thus A(T) must be positive. However, in the low tem-
perature phase nonzero values of ¢ must correspond to the minimum
in f[o,T]. This minimum occurs at ¢ = £[—A(T)/C(T)]'/2 provided
A(T) is negative. Therefore A(T) must be positive for T' > T. and
negative for T' < T,, which implies that A(T = T,) must be zero and,
in the neighborhood of T, A(T) can be approximated by

A(T) = alT - T,), - -120]

where a is a positive constant. We can now rewrite Eq. [19] as

flo,T] ~ £[T] + La(T - 7,)0? + 2cot; a,c > 0.
2 : 4 [21]

Eq. [21] is illustrated schematically in Fig. 2.

So far we have considered only spatially uniform systems. General-
ization of Eq. [21] to include spatial variations of the order parameter
involves: (1) replacing o by o(7), and (2) including the contribution to
the free-energy density due to the interaction term y[Va(#),T]. Fol-
lowing Landau,* we expand 7[50(?),T] in a power series in Vo(#) and
retain only the leading terms. Again, the expansion can contain only
scalar combinations of V¢(*) and, since y[Vo(7),T] = 0 when Vo(7) =
0, we obtain*

v[Fo(), 7] = (D) [To(M]. 2]
]

In order that the spatially uniform state be the state of lowest free
energy, D(T) must be positive. Furthermore, near the critical tem-
perature, D(T) can be approximated by a constant D. Combining the
leading terms in the expansions of f[¢(7),T] and v[Ve(7),T], we ob-
tain

* Theoretically, expansion of the interaction term can contain second order scalar combinations
such as a(AV?o(7} and V2a(7). However, V2a(7) integrated over volume can be converted into a sur-
. face integral and cap be neglected since the surface contribution is assumed to be small. The vol-
ume integral of o(A)V2a(A is equivalent to the integral of [V a(/]2. Therefore, even in the most gen-
eral case, the leading term in the expansion is proportional to [V a(7}]2.



LANDAU—deGENNES THEORY 1583
flo®, T] + ¥[Yo(@, 1] =~ 5,
= A7) + 50T = T)o™@) + 1Co'®) + 1D[Fe@P, 1)

where §, is usually referred to as the Landau free energy density and
a, C, and D are all positive constants.

T m(I o2+ 0.10*
aTc Tc
TaLT,

Fig. 2—lllustration of the behavior of Eq. [21]. The Landau free energy density is sym-
metric about ¢ = 0; for T = T, the disordered state (o = 0) is the stable state
while for 7 < T the ordered state (o > 0) is the state of lowest free energy.

2.3 Generalization of the Landau Expansion to Liquid Crystals

We must first identify a suitable order parameter for describing lig-
uid crysal phase transitions. In previous chapters, we have seen that
for nematic and cholesteric liquid crystals, the molecular ordering at
every spatial “point” 7 (where the term “point” has the meaning de-
fined in Section (2.1)) is characterized by a director A(F) pointing
along the local axis of uniaxial symmetry, and by a quantity S(7) giv-
ing the local orientational order of the rod-like molecules. S(7) is de-
fined by

S(# = << P, (cos 6) >>-, [24]

where 8 is the angle between the long axis of any molecule in the
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small region of space associated with “point” 7 and the local director
f(F), Ps is the second Legendre polynomial, and « >; denotes spa-
tial averaging over the configurations of the molecules at ‘‘point” 7
(« > should not be confused with thermal averaging < >, which
gives the equilibrium value of a quantity. S(#) should therefore be
distinguished from its equilibrium value <S(#)>, which is spatially
invariant and temperature-dependent). In Chapter 6 it was shown
that in a coordinate system where 7(F) coincides with the external z-
axis (3-axis), the local order parameter of a nematic or cholesteric lig-
uid crystal is given by*

1
-3 0 0
a® =sm| o2 o], [25]
0 0 1

where Q(7) denotes that the quantity Q(7) is a tensor. For arbitrary
orientation of A(7) relative to the external coordinate system, the
components of Q(7) can be expressed as

QuM = 3P Pn,( - 5,,), [26]

where i,j = 1, 2, 3 denote the components along the three orthogonal
axes of the Cartesign coordinate system and §;; = 1 for i = j and zero
otherwise. Comparing the order parameters for a ferromagnet and a
liquid crystal, we see that S(7) corresponds to the magnitude of 7,
and the matrix in Eq. [25] corresponds to the unit vector pointing
along the direction of magnetization; this matrix can be thought of as
a “unit tensor.” To see that the order parameter for a liquid crystal
cannot be a vector, we observe that A(?) and —#A(?) correspond to
physically equivalent states and Q () must therefore be proportional
to an even order combination of /(7). The two lowest even-order
combinations of a unit vector are a scalar and a second rank tensor
and, since the liquid-crystal order cannot be completely described by
a scalar, we are left with the tensor as our only choice.

Let us now consider the Landau free-energy density expression for
liquid crystals. All isotropic-nematic (cholesteric) phase transitions

* Our definition of Q(A differs from that of de Gennes by a factor of 2.
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are first order, and exhibit a discontinuous jump at T = T, in the
equilibrium value of Q(7) from Q(#) = 0 in the isotropic phase to
some finite value in the low temperature phase. Consequently, we ex-
pect the Landau expansion about Q(#) = 0 to provide a better de-
scription of phenomena such as fluctuations in the high-temperature
isotropic phase than it does in the low-temperature phase, since the
expansion would not be accurate for the values of the order parame-
ter in the low-temperature phase. We will first develop the Landau—
de Gennes expansion about the isotropic phase of a nematic liquid
crystal and later generalize the expression to include the effects of ex-
ternal fields and the special symmetry of cholesteric liquid crystals.
Since the expansion can contain only scalar combinations of Q(7) and
its spatial derivatives, the term linear in Q(7) again vanishes because

3
the scalar Y @Q;(7) (the trace of Q(F)) is identically zero. The
i=1

coefficient of the term linear in the spatial derivative of Q(F) must
also be zero because there is no way of forming a scalar quantity from
the derivative. However, unlike the situation described for ferromag-
netism and other second order phase transitions, the term cubic in
Q(7) does not have to vanish because it is possible to construct a sca-
lar from three tensors, and also because Q(#) and —Q(7) correspond
to physically different states, as illustrated in Fig. 3. Thus the free

’ A A
n n
A 4\
A
W, =|=_
SN = ==
A —--
§$=5 $=-5

] ]
F) F)

‘5’=.5< o-%o) Q=-5{ o-§o
001 00 I

Fig. 3—Schematic illustration of the physical difference in molecular ordering for S =
0.5 and S = —0.5. The short lines represent projections of the molecular long
axes on the plane of the paper. Thus a molecule whose long axis is normal to
the paper is represented by a dot.
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energy density is no longer required to be symmetric about Q(*) = 0.
Recalling that the trace of a matrix or of a product of matrices is al-
ways a scalar, we may write

52 = fT] + 50T - T,9Q,@Q,( +
$BQMQuMQM + 1CIQuMR AT +

1 C1QuMQuP QMR +

TLOQAMIQM + 21,00, M00@, 7]

where T.* is a temperature slightly below T,, a > 0, B, Cy, Cy, L1, Lo
are constants; i, j, k, [ = 1,2,3 denote the components along the three
orthogonal axes of the coordinate system; 9; = s/ox; is the partial de-
rivative with respect to spatial coordinate x;; and summation over re-
peated indices is implied. Two points regarding Eq. [27] are worthy of
special attention. First, because the order parameter is a tensor, ¥y,
contains two fourth-order terms and two spatial derivative terms, in
contrast with Eq. [23] where the order parameter is a scalar. Second,
a new phenomenological parameter T.* has been defined as the tem-
perature at which the curvature of 1 at Q(7) = 0 changes sign. Since
T.* < T,, we can find a temperature range, T.* < T < T, in which
Q(*) = 0 is not the position of the absolute minimum of F; (since
otherwise Q(*) = 0 would be the equilibrium state for T' < T, which
is a contradiction) and yet the curvature of 1, at Q(*) = 0 is positive.
In other words, Q(7) = 0 is a relative minimum of &, for T.* < T <
T.. Since the existence of a relative minimum of F;, is a necessary
condition for supercooling, it follows that T.* can be interpreted
physically as that temperature below which supercooling becomes
impossible.

Eq. [27] can be put into a more physically interpretable form by
substituting Eq. [26] for @;;(F) and noting that

Mo = 50,00’ + 0B + nd(P] = 35,1] = 0

and

[: () T3 = 5900 A (D] - 2@ x [T x ()]

=—n® x [V x n(®].
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We obtain

g, = flT] + %a(T - T ¥S» + %BS3(7) +

Zostm) + 2LFSHE + 3 LS@om @) om@) +
LLAISHT + SLfam - ISHT + 3 LSG[T- i

3 LSOALT+ A A - T3] +

SLSPLE@ x (3 x w356 +

%Lzsz(af’)[ﬁ@) x (V x 2P, [28]

where C = C; + (C2/2). Eq. [28] can be further reduced by noting
that

(@M@ (M) = [VoaDP + [n(+ (T x AP
[2(") x (V x a) ] = V- [a@(T- 7)) + 4D x ¥ x #D],
[29]

where the last term represents the surface contribution to the free-
energy density and therefore can be neglected (since the volume inte-
gral of V.V (7), where V(7) is an arbitrary vector field, can be convert-
ed to a surface integral by Gauss’s Theorem). Substitution of Eq. [29]
into Eq. [28] yields
F, = 3 *) G2 1 »

L = flT] + Za(T - T ¥ S(») + —BS3('r) +

%05'® + 3(L + 21) (950 + 2 10i) - S +
2510 (1 + 11) (5-40IF + LIiG)- 9 x AP
(1 + 31) 66 x 3 < 3@EY + 2L,s0(F- 369

[7()» 98] + %L2S(7)[;z(—1;) X ¥ x W] 9. [30]
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There are four types of terms in Eq. [30]. The first four terms concern
only the value of the orientational order S(7). The next two terms ac-
count for spatial variation of S(7). Next there is a term concerned
with the spatial variation of A(F); we have expressed this term in the
familar form of splay, twist, and bend distortions!? of the director
field A (7). It should be noted that to second order in the Landau ex-
pansion there are only two independent elastic constants, L; and Lo,
whereas in the nematic phase there are known to be three indepen-
dent elastic constants.!3 The last two terms in Eq. [30] represent the
interaction between spatial variations of S(7) and spatial variations
of A(7). Clearly, the mathematics can be quite complicated if S(r)
and A(7) are allowed to vary simultaneously.

Let us now examine the expansion coefficients B, C, L1, and Ly in
more detail. We will consider first the spatially uniform state which
can be described by the first four terms of Eq. [30]. Following Land-
au, we choose C > 0, which requires that B < 0 if the equilibrium
value of S is to be positive in the low-temperature phase. We illus-
trate the behavior of . as a function of S for a spatially uniform sys-
tem in Fig. 4. Next we consider a state for which S(7) is constant but
A (7) is allowed to vary from point to point. Since the spatially uni-
form state must be stable against any distortion, it is clear from Eq.
[30] that

L >0 [31]
and
1
L, + §L2 > 0. [32]

If now we fix 7 (7) and let S(¥) vary, the same reasoning leads to the
inequalities '

1

L + gL > Ofor W) L V() [33]
and
Ly + %Lz > 0 for n(#) I VS(). [34]

In order to clarify the physical meaning of L; and L, imagine a dis-
turbance of the equilibrium state Q(7) = 0 of the high temperature
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phase such that S(7 = 0)= 0 along a certain director 2. If L; = Ly =
0, we see from Eq. [30] that the disturbance would be a delta function
at 7 = 0 since the rest of the system, including the immediate region

A-;Z (-—-I)S 0.2s®+0.35*

T=1033T =T,

=.0021

-.0047

-.0061

~008+

Flg. 4—lllustration of the asymmetry in the Landau free energy density when a non-zero
third-order term is included. For T > T, S = 0 is the absolute minimum. As T
approaches T, from above a second minimum appears and for T = T, the
physical states corresponding to the two minima have the same free energy
density and are separated by a barrier of height h. For T.* < T< T.the S
0 minimum represents the stable state and the S = 0 minimum represents the
metastable (supercooled) state. For temperatures below T.* the metastable
state becomes unstable.

surrounding # = 0, would still prefer to be in its lowest free energy
state, S(#) = 0. However, as soon as L, Ly > 0, the delta function be-
comes energetically unfavorable because of the divergence of the spa-
tial derivatives, and any disturbance at # = 0 must decay in a contin-
uous manner to the equilibrium value S(*) = 0 over some region of
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space surrounding 7 = 0. The characteristic decay length is deter-
mined by the competition between the first four terms of Eq. [30],
which tend to minimize the decay length so as to reduce their free-
energy contribution, and the spatial derivative terms, which tend to
maximize the decay length so as to reduce | VS (#)|. The decay of a dis-
turbance of the sort described above (% (7) fixed, S(* = 0) 0 along
ft) is illustrated schematically in Fig. 5. Note that for Ly = 0, the

(a) (b) (c)

Fig. 5—lllustration of the spatial anistropy in the decay of a disturbance in the local order
for different values of L,. Regions of order are represented by double-headed
arrows whose length is proportional to the magnitude of the local order and
whose direction is parallel to the local director. The dots represent the sur-
rounding isotropic field. In (a), L2 > 0 and the disturbance (fluctuation) relaxes
faster in the direction perpendicular to the director, whereas in (c), L, < 0 and
the relaxation is faster in the direction parallel to the director. In (b), L, = 0 and
the decay pattern is isotropic.

decay length of the disturbance parallel to # is different from that
perpendicular to A. Specifically, spatial variation of S(#) in a direc-
tion parallel to 7 contributes a free energy density

(L + 2n,) s,

whereas spatial variation of S(#) perpendicular to A contributes a
free energy density

% (’L1 + %L2) (95 ).

Therefore, if Ly > 0, the elastic constant governing the spatial varia-

T T I T N
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tion of S(7) in the direction parallel to 7 is larger than that in the di-
rection perpendicular to 7. Indeed, the elastic constant along a direc-
tion which makes an arbitrary angle y with # is proportional to

1+ %%(1 + 3 cosy).

The decay pattern of a disturbance for Ls > 0 is shown in Fig. 5a,
while that for Ls < 0 is shown in Fig. 5c.

Now, a word about the magnitude of the expansion coefficients a,
B, C, L,, and L,. Taking the intermolecular interaction energy (=~
0.01 eV) as the characteristic energy,!2 the intermolecular separation
(=~ 10 A) as the characteristic length, and T, =~ 300°K as the charac-
teristic temperature of nematic and cholesteric phases, we can esti-
mate the magnitudes of these coefficients using dimensional analysis.
The coefficient @ has units of energy/(volume-°K). Combining the
characteristic values in the appropriate way leads to a ~ 0.005 J/
(cm? °K), compared to the measured value!* of 0.042 J/(cm3 °K) for
MBBA. B and C have units of energy/volume which gives |B|, |C]| =~
1.6 J/cm3, in order of magnitude agreement with measured valuesl4
~ 0.5 J/cm3. Finally, we obtain |L,|, |Lg =~ 10~7 dyne which is in rea-
sonable agreement with the experimental value!5 of 1076 dyne.

In the remainder of this section we will generalize Eq. [30] to in-
clude the effects of external magnetic and electric fields and also to
take account of the finite pitch in the equilibrium state of cholesteric
liquid crystals.

Suppose that a static magnetic field H is applied to the system.
Since nematic and cholesteric liquid crystals are normally diamagnet-
ic, the energy density induced by the magnetic field is given by

1 N
Wy = _EHixij(T)Hj’ [35]

where x;; are the components of the susceptibility tensor in units of
susceptibility per unit volume. It was shown in Chapter 6 that

X = 2(80n@ + XI, [36]

where I is the unit matrix, (Ax)max = N({| — {1 )N being the num-
ber of molecules per unit volume, and $(¢1) the susceptibility of a
single rod-like molecule parallel (perpendicular) to its long axis), and
% is the susceptibility per unit volume when Q(+) = 0. Using Eq. [13]
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of Chapter 6, we see that x=N (2 + &)/s. Thus Eq. [35] can be
rewntten as

W, = —%(Ax)muH;Qi,-("T’)H,- - SNHY2E, + 8). 131

Since the last term in Eq. [37] is independent of the order parameter
and its gradients, it can be absorbed into the term fo[T] of F1. There-
fore, the magnetic field contribution to the free energy density is

Fu = —%(AX)muHiQﬁG’)HJ'
- _%(Ax)maxsm{s[ﬁ-ﬁ(?)]z - H. [38]

Using similar arguments, we obtain the electric field contribution to
the free-energy density

Ty = —5p (8 neS) BIE- AP - E, [39]

where (A€)max is the maximum possible value of (¢f — €1 ), ¢j(e)
being the dielectric constant parallel (perpendicular) to the local di-
rector.

It must be stressed that, unlike our expansion of F1, Eq. [30],
which is valid only for vanishingly small values of the order parame-
ter, Egs. [38] and [39] are valid for arbitrary values of the order pa-
rameter. In fact, the magnetic and electric energy density expressions
of the elastic continuum theory (Egs. [3] and [4] of Chapter 8) are
special cases of Eqs. [38] and [39]. For example, consider the magnet-
ic energy density of the low temperature, anisotropic phase of a sys-
tem in which only spatial variation of A(F) is important. S(¥) in Eq.
[38] can then be replaced by its equilibrium value <S>, where < >
denotes thermal averaging. The term proportional to <S>H? can be
neglected because of its spatial invariance, and one obtains Eq. [3] of
Chapter 8 directly,

1 - -
Fy = -5 Ox[H WD T,

where Ax = (Ax)max <S>.
The expression for the free-energy density can also be generalized
to include the special symmetry properties of cholesteric liquid crys-



LANDAU—deGENNES THEORY . 163

tals. Cholesteric order is indistinguishable from nematic order on a
microscopic scale (see Chapters 1 and 11). However, when we exam-
ine the spatial variation of the local order, we find that cholesteric
liquid crystals always exhibit helical ordering on a macroscopic scale
(compared to molecular dimensions). Moreover, for any given cho-
lesteric liquid crystal, the helical ordering has a definite handedness. '
In other words, cholesteric liquid crystals are not symmetric under .
the operation of spatial inversion, since a helix is always either left or
right handed and the handedness changes upon inversion. Since the
two cholesteric states related by spatial inversion are physically dif-
ferent,16 the free-energy density is no longer required to be invariant
under spatial inversion. This means that the free-energy density can
contain pseudoscalar terms as well as the usual scalar terms. de
Gennes found that the pseudoscalar term required by cholesteric
order is given by’

SFC = izqoL1€iijil(—;) aijl(—/;), [40]

where the + and — signs refer to the two senses of helical pitch; go =
7/Xo (> 0), Ao being the pitch of the cholesteric phase as T — T; and
&iji is the Levi-Cevita antiSymmetric tensor of the third rank, which
has the property that '

1 ¢k = 123, 231, 312
€ = —1 ik = 213, 321, 132

0 otherwise

Eq. [40] can be reduced to the form

Fo = ¢§q0L182(?) {1+ [V x x(M]}, [41]

where the — sign refers to a left-handed helix (r‘z(i’)-[_§7 X A(F)] > 0)
and the + sign refers to a right-handed helix (A(%)-[V X 7(7)] < 0).
Eq. [41] can be combined with the twist term of Eq. [30]
9/ LS N[+ ¥ x 2N}
to yield _
9/D LSS P[|7(A+F x 2D | — gl — (9/9 LS (May’,

where| | is the absolute value sign.



164 ' CHAPTER 10

The total Landau-de Gennes free-energy density for nematic or
cholesteric liquid crystals in an external field is given by

F =8, +TFy + Fg + F =f[T] +

S.(r - *_§L1_‘102>z 1oam o 9
Salr - 7.0 319 53 + 1y + Dos +

%(Iq + é%) [Vs(M]? + %Lz[;l(;)‘ VS

% (’r){(L1 +SL )[V-n(r] Li[|n(»+V x a(n | —q,F +
(L -;—' >[n(’r ) X ¥ x #(9)] }+

3 N (A 1 - -

2 LSO{IT- 2 WA - T + 5[30) x F x A7) Sy -
(A eSO BLE 2P - B} -

o1 (89neS() BIE- ()]~ B, [42)

where go = 0 for nematic liquid crystals. It should be noted that for
cholesteric liquid crystals T.* is replaced by T ** = T.* + (3L1q¢2/a)
in Eq. [42]; we can interpret T ** as the temperature below which su-
percooling of cholesterics is impossible. Eq. [42] can also be expressed
in terms of Q;;(7),

§ = AlT] + 3T ~ 7,99, P, +
$BRM@MQu® + 1ClQu MR,
S LO@uM, Q) + 710,472,047 —
3 A0l Qu(NH, — = (86) s EQ1ME,

* 2q0L1€“in,(7)akQ“(?) . [43]
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In terms of & the partition function for the system is
ZT) = fDQG) exp{-B[d%7 F(Q(»M, 8,Q(", T}, [44]

where DQ(F) denotes integration over all possible tensor fields Q(7),
and the dependence of & on Q(F), the spatial derivatives of Q(F), and
T is explicitly displayed. Eqs. [42] through [44] are the basic equa-
tions of the Landau—de Gennes theory of liquid-crystal phase transi-
tions.

3. Thermodynamic Properties of Liquid Crystal Phase Transitions

In this section we use Landau-de Gennes theory to calculate the
thermodynamic properties of liquid-crystal phase transitions in
terms of the phenomenological parameters a, B, C, and T.*. In par-
ticular, we will derive expressions for T, the transition temperature;
<S>, the equilibrium order parameter value in the low temperature
phase at the transition; and As, the transition entropy per molecule.
We will also calculate the temperature dependence of <S> (the equi-
librium value of S) for T close to T,; and h, the height of the free-
energy barrier between <S> = 0and <S> =<S8>,at T =T..

To calculate the thermodynamic properties listed above, it is suffi-
cient to consider a spatially uniform system in which the order pa-
rameter value is spatially invariant. This means that the spatial de-
rivative terms in the Landau free-energy density, which are impor-
tant for the calculation of fluctuation phenomena as shown in the
next section, can be neglected for the present purpose. Therefore,
from Eq. [42] we get

3
F[S, T] = f[T] + Za(T - T,%)S + %333 + 1—%054, [45]

where we have set H = E = g = 0. The partition function is then
given by

2(T) = fds exp{-pVF[S, T]}. [46]

From Z(T) one can calculate the free energy density of the system
FO(T):

597 = 1im ED) _ 1y ~kaT 10 Z(D)

47
— 14 Ve e v [ ]
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Thermodynamic properties of the system can be derived directly
from F%T). _

In Appendix A it is shown that, if Z(T) is in the form of Eq. [46],
then FO(T) is equal to the value of the absolute minimum of the
Landau free energy density & at temperature T. Moreover, the (tem-
perature-dependent) equilibrium value of the order parameter, <S>,
is equal to the value of S which minimizes & at each 7. Therefore, in
order to obtain F%(T'), we differentiate F with respect to S and set the
result equal to zero for S = <S>:

Sa(T - TN + %B(S}z + §c<s>3 ~ 0. [48]
Eq. [48] has three solutions:
¢Sy =0,
03t (e )

The above solutions for <S> must be substituted into Eq. [45] to de-
termine which one gives the lowest value of §. Straightforward calcu-
lation yields

FD) = fT] + Ja(T =~ TAES? + 3 BSP + 1509,

[50]
where
0, for T = T,* + 273;:(:
= ‘%_g * /3—;4' ngr %% (Tc - 2713120 T)’
for T S'Tc* +27a2C [51]

Eq. [51] shows that the system transforms from the high-temperature
phase, <S> = 0, to the low-temperature phase, <S> = 0, at a tem-
perature
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BZ
= * 4
Te Te 27aC -

[52]

The order parameter value of the low temperature phase at T = T,
<8>., can be obtained directly from Eq. [51]:

1o 25
C g—C—,B<O. [53]

Oltu
ool"‘

<S>c = __é_

The entropy per molecule, s, can be obtained from $°(T') by differen-
tiation:

1 (85YT 3
S=”N( a;)>:s°_2%<s>2’ 541

where so = —(fo[T']/oT)/N, and the term containing the tempera-
ture derivative of <S> is zero, because 3F%(T)/a<S> = 0. Substitu+
~ tion of <S>, Eq. [51], into Eq. [54] gives the entropy per molecule of
the high temperature phase as sg and the transition entropy per mol-
ecule As as

1 aB?

As = —ﬁ——“‘gNC .

[55]

Egs. [52], [53] and [55] are usually used as the means by which the
phenomenological parameters a, B, and C for any particular liquid
crystal are determined from the experimental values of <S>, As,
and(T. — Tc*). (The value of T.* can be obtained by light scattering
experiments measuring order parameter fluctuations. See Section 5.)
In Table 1 we give the values of a, B, C and (T, — T.*) for MBBA.

In Fig. 4 we note that at T*= T, there is a free energy barrier be-
tween <S> = 0 and <S> = <S> It is interesting to calculate the
height h of this barrier in terms of the phenomenological parameters.
The peak of the barrier occurs at S = S;, for which

(857/83)5 s, = 0 and (925 /88%) 55, < 0.
T=T T"Tc

Simultaneous solution of these equations requires that S, = —B/9C,
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which, when substituted into Eq. [45], gives

1 B

= 11664 C° [56]

The value of h for MBBA is given in Table 1. Eq. [56] illustrates the

Table 1—Values of the Various Phenomenological Parameters for MBBA#

Parameters Values Units
a 0.042 Jd/em?3°K
—B 0.64 J/em?

C 0.35 J/em?3
Te—To* 1 °K

L, 6.1x 107" dyne
L, -

h 3.35x 107 J/em?

* Data obtained from refs [14] and [15].

fact that the order of the phase transition in the Landau-de Gennes
theory is determined by the value of B. If B is nonzero, then h > 0,
and we have a first order phase transition with <S>, As nonzero and
T. > T.* For B =0, h = 0 and the transition is second order with
<S>.=As=0,T,=T.* and <S> ~ (T, — T)V2for T < T,. For
liquid-crystal phase transitions the values of B are nonzero and nega-
tive (see Section 2). However, its value is small compared to that for
other first-order phase transitions, as evidenced by the relatively
small As, and that is why liquid-crystal phase transmons are some-
times described as “nearly second order.”

4. Fluctuation Phenomena

In this section we use the Landau—de Gennes theory to discuss ther-
mal fluctuations in the isotropic phase of liquid crystals. For a physi-
cal system in thermal equilibrium, the instantaneous value of the
order parameter will almost always be equal or close to its mean value
(or equivalently, the equilibrium value). However, deviations from
the mean value of the order parameter do occur, and the problem is
to calculate the magnitude and the statistical distribution of these
deviations, or fluctuations. We distinguish between two types of fluc-
tuations: (1) homophase fluctuations, which occur within the range of
stability of a single phase and are completely described by the rms
deviation of the order parameter from its equilibrium value, and (2)
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heterophase fluctuations, which occur between two phases and are re-
lated to the problems of metastability and supercooling.l” The quali-
tative difference between homophase and heterophase fluctuations is
apparent in Fig. 4. Near T = T, there is a free energy barrier of
height h (see Section 3), between the minima at S = 0 and S = <S>,.
All fluctuations occurring around S = 0, and to the left of the barrier
are called homophase fluctuations. Fluctuations that carry the sys-
tem from one minimum, over the barrier, to the other minimum are
called heterophase fluctuations since the two minima correspond to
different phases.

4.1 Homophase Fluctuations in the Isotropic Phase

Since homophase fluctuations in the isotropic phase involve only
states close to Q(7) = 0, we can neglect the cubic and quartic terms in
the expansion of F1. If we also set H = E = 0, Eq. [43] reduces to

F = 7lT] + 36T — 7.9Q,M,H +

1 1

_Z-Liaink(;)aink(;) + 5 LzaiQij(—’;') akaj(7)

* quLléiijil(;) aijz(—';’) . [57]

As shown in Section 2.3, Q(7) can be expressed in terms of S(*) and
i(r). If we were to make this substitution in Eq. [57], the resulting
expression would contain several interaction terms coupling S(#),
n(¥), and their spatial derivatives. Thus, in general, the problem of
calculating the fluctuation spectra of S(#) and 7 (*) can be quite com-
plicated because of this coupling. In the latter part of this section we
will show one way to handle the coupling between S(#) and A (#), but
first we want to consider a simple system that illustrates both the
physics of homophase fluctuation phenomena and the mathematics
involved in manipulating the formalism developed in previous sec-
tions.

Simple lllustrative Example of Homophase Fluctuations

The system we wish to consider is one in which we can neglect the
spatial variation of A(F) and treat only the fluctuations of S(#). Set-
ting all spatial derivatives of A(F) to zero and limiting our discussion
for the moment to nematic liquid crystals (go = 0), Eq. [57] becomes
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3

F = f[T] + 2T - T *)SM(») +
2z + %%) [ + 3 Lf7-FsA], [58]

where 7 no longer depends upon 7. The problem before us is to calcu-
late the mean square deviation of S(#) from its equilibrium value
S() = 0. As a first step, we note that the partition function for the
system is given by

Z(T) = f DS(7) expl —B [ ,orume &7 F- [59]
of the
sample

The difficulty in using Eq. [59] for actual calculations lies in the func-

tional integral f DS(7) and we therefore digress briefly to consider
functional integration.

Functional Integration

It is customary to proceed by Fourier analyzing S(7) into its Fourier
components

S(7) = 2 S@)e, » [60]

q
where § is a particular wavevector, and S(g§) is usually a complex

number representing the amplitude of the wave, exp(ig-7). S(g) can
be obtained from S(7) by the inverse transformation

- 1 o o=y o
- S(q) = T,fd%' S(r)e-ter, [61]
Since S(#) is real, Eq. [61] implies that
$@) = 3 [4°F 7)™ = 8-7), [62]

where S*(q) is the complex conjugate of S(g). Since there is a one-
to-one correspondence between any function S(#) and its set of Fou-
rier coefficients {S(g)}, the functional integral is equivalent to inte-
grating over all possible sets of Fourier coefficients {S(g)}. This in
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turn is equivalent to a multi-dimensional integral in which each Fou-
rier coefficient S(q) is integrated over its possible values, with the
constraint S*(g) = S(—¢) which implies that only half the S(§)’s in
any set {S(q)} can vary independently. We will label the set of all in-
dependent S(@)’s by {S(g)}. {S(§)} can be specified by the condition
that if S(g) is a member of {S(g)}, then S(—g) is not a member of
S@yY.

The functional integral can then be written as

Jos@ = ns@is@IIl'{ | doge [15@ds@ 1}
: [63]

where II’ denotes the product only over those §’s for which none is
the negative of any other, ¢s() is the phase angle of the complex
number S(§), |S(g)] = [S*(§)S(§)]V2 is the magnitude of S(g), and
J[S(F); S(g)] is the Jacobian of the transformation. In order to evalu-
ate the Jacobian we make use of the fact (Section 1) that DS(*) can

M
be written as J] dS(#,), where S(¥,) is the value of S in region «.
a=1

Since each of the M regions has volume AV, we have from Egs. [60]
and [61]

M
S(7) = 2 S(Gy)ei% Ta, [60a]
B=1
and
oy AV SN o 7
S(qﬂ) = 7 Z S('}’a)e':qe"a. [613}
a=1

It is clear from Eq. [60a] and the definition of a Jacobian that J[S(#);
S(@)] is simply the determinant of the M X M matrix whose o — el-
ement is exp(iggF,). It is shown in Appendix B that this determinant
is equal to (V/AV)M/2, Substituting this factor into Eq. [63] yields

f psth) =[]'5% { fowdcpquIS(?i)ldls@l}, [63a]

where we have used the fact that the product I’ contains M/2 fac-
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tors. We can now proceed with our evaluation of the partition func-
tion, Eq. [59], for our idealized example system.

We first integrate Eq. [58] term by term since we will need the vol-
ume integral of & in evaluating Z(T'). The volume integrals of S2(7),
[VS(#)]2, and [A-TS(7)]2 can be expressed in terms of S(§) and § g in
the form

fd3¢782(?) = V2 |S@* = 2v)'|s@|2,  [64a]
v q 7

fvdf*?[%‘sﬁf)]z = V2 a*|S@|* = 2V "¢?|S@|? [64b]

and

[ as(n- 95D = v (33
v q

2V (i 9 S@) |2, [64c]

where V is the volume of the sample and 2.’ denotes summing over

7
the §’s for which none is the negative of any other. In arriving at the
above expressions we have used the identity

Vé(g + q) = f a%r explilg + q") 7). [65]

From Eqs. [58], [64a], [64b], and [64c] we obtain

fd3r g = VflT] +

ZVZ'—(T— 9 +3 (g, + 1 2 4 3 Gen | 1s@
C 2% T.*) 7\ ng q° + ng(VPQ) | S@)|

= Vf[T] + gaV(T - THNE1 + (T, 94°] | S@) |2 [66]
where ’

oy (T, 912

E(T, 99 = = 7% , [67]
-‘with
L, + %Lz(l + 3 cos?y) te
Eyp = % , [68]

st e L o
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and Y5 denotes the angle between # and §. The parameter £(T',y3)
has units of length and is referred to as a “correlation length” for rea-
sons that will become apparent later. If we substitute typical
values!415 for Ly, Lo, a, and T.* in Eq. [68] we find & ~ 10A. For sim-
plicity we will write £(T,¥;) and &(¥3) as £ and %o, respectively. Sub-
stituting Eq. [66] into Eq. [59], we have for the partition function,

Z(T) = exp{-BVf[T]} x
f DS(‘r)I]'exp{—%BVa(T - T M+ g2qa|s<a>|2}, [69]

which, according to Eq. [63], can be written

Z(T) = exp {—BVfO[T]}U'{—Z-‘% X
Jals@ |2 exp[-Spvar - 190 + g [s@ ]}, 1o

where the angular integral has been explicitly evaluated. If we label
the factors in the product in Eq. [70] by Z(g,T), Eq. [70] reduces to

2(1) = exp{-pVATIH]' 2@, 7). [71]

The total free-energy density of the system is calculated from Eq.
[71] in Appendix B. For the moment we note that Eq. [71] can be
used to calculate the thermal averages of S(g) and |S(g)|2. Since the
partition function is the product of wavevector-dependent factors
Z(q,T), the thermal average of any quantity X[S(g)] associated with
wavevector g is given by

X[s@)) =
i g ©
%fo dqas(;,fo d| 8@ |2 x[S(g)] exp {—%BVa(T - T + £2q2)|5@|2}

7 [ als@|? exp {3 pvalT - 10 + £ |5 |
]

[72]

where, in place of the maximum possible value of |S(§)|2, the upper
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limit of the d|S(¢)|? integral has been extended to «. This is possible
because the factor V in the exponent makes the integrand sharply
peaked at |S(§)|2 = 0, and the error introduced by extending the limit
of integration is therefore negligible. We can now calculate the ther-
mal average of S(¢) and |S(§)|2 using Eq. [72]. Expressing S(g) in the
form |S(g)| exp(ieg;) and substituting it for X[S(g)] in Eq. [72] we
find

and

(S¥@)) = (S@)S(G")) = (S@NKS@"N) =0, q #—q" [73]
Similar calculation yields

. 2 . kpT
[ s@1% = 3 Va(T - ch)(l + £%99

ke(T/T*
W[ - o)

where the last expression is obtained by the substitution of Eq. [67]
for £. <|S(@)|%> is the square of the amplitude of fluctuation in S(#)
with wavevector §, and Eq. [74] is simply an expression of the equip-
artition theorem. It is evident from Eq. [66] that in thermal equilibri-
um each of the independent modes in the set {S(g)} contributes a
term

2
=3 [74]

%Va(T - T + )¢ 8@ |?

to the Landau free energy. Since S(¢) is a complex number with two
degrees of freedom (real and imaginary parts), the equipartition the-
orem requires that

Sva(T - T + 895G |2 = kyT, [75]

which is identical to Eq. [74]. The equipartition theorem therefore of-
fers a simple method for calculating the thermal averages of the
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square of the amplitudes for independent modes.* Three points con-
cerning Eq. [74] warrant further discussion.

First, it appears that all fluctuations vanish in the thermodynamic
limit V — «. However, this is not the case. Although the fluctuation
amplitude for each mode decreases as V increases, the density of
modes increases such that the sum of all fluctuation amplitudes re-
mains constant. This is simply demonstrated by calculating the aver-
age fluctuation amplitude in real space: '

1 - 1 - o —
(Fla7 s@) = 3 faz s@y = (s@ (2,
q
where we have used Eq. [60]. Making the replacement

— Y (a3
Z (27T)3fd q,

—_

and substituting Eq. [74] for <|S(3)|2>, we get

<Il/fd37 sz(?> =
14 f"max 2, 2 kT
@n®J, U3 v =T Na T 2P

= Tk_%T__ _ [T af_Sna
= 3n%gaT,* | Sdmax ~ 7 ~ ltan ’

[76]

where gmax = 2n/(smallest length for which the theory is valid) =~

° It, instead of considering only the independent modes, all possible modes were counted, then in
thermal equilibrium the contribution of each mode to the Landau free energy would be () Va(T —
To*) (1 + £2¢%) <| S(@)|2>. However, each S(&) now has only one degree of freedom due to the re-
ality restriction S*(§) = S(—§) and therefore can only have Y% kaT of energy. The resulting equation

%Va(T - T+ s D = %’?BT

is identical to Eq. [75]. Hence, the same exprassion for <| S(@|2> is obtained independent of how
the modes are counted.
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2x/(AV)1/3, AV being the volume of an elemental region as defined in
Section 2. Eq. [76] expresses the physically reasonable result that the
average fluctuation amplitude in real space is independent of V.

The second point we wish to stress concerns the dependence of
<|S(g)|>> on g and T, shown in Fig. 6. For a given temperature T >

¥<|s(a)lz>

3
2
S

T S S 1 (

L L
8 9 101l L2 13 14

Fig. 6—The square of the fluctuation amplitude plotted as a function of wavevector for
different temperatures T = T.*. Note that for fixed T the fluctuation amplitude
decreases monotonically with increasing q and that for fixed q it increases as T
decreases toward T.*.

T.*, <|S(3)|>> decreases with increasing ¢, and, for fixed gq,
<|S(@)|2> increases as T — T.* from above. We can qualitatively
understand this behavior from the following mechanical analogy.
Consider the string of coupled pendula shown in Fig. 7. Let the gravi-
tational field play the role of the term 3 a(T — T.*)S2(7) in &1, and
the coupling springs play the role of the terms proportional to the
spatial derivatives of S(#). It is obvious that there are two kinds of os-

e
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cillations; one is the oscillation in the gravitational field and the other
is the normal mode oscillation of a string of mass points connected by
springs. If ¢ denotes the wavenumber associated with the normal

gA(T-T,*)

Fig. 7—Mechanical analog illustrating the qualitative features of Fig. 6. The springs play
the role of the [V (/]2 terms and the gravitational field plays the role of the (T
— T.*)S?(7) term in the Landau free energy density function.

mode oscillation of the elastic linear chain, then for ¢ = 0 the springs
are not distorted and we have uniform in-phase oscillation of all the
pendula in the gravitational field. For ¢ = 0 each mass point experi-
ences the force from the springs (caused by the relative motion of
neighboring mass points) as well as the force due to the gravitational
field. The square of the amplitude for the mode with wavevector ¢ is
analogous to |S(g)|2. Suppose now that the system of pendula is in
thermal equilibrium at temperature T with each mode having energy
kgT/2. For the ¢ = 0 mode the entire kgT/2 of energy goes into the
oscillation in the gravitational field. However, for a ¢ > 0 mode part
of the kgT/2 of energy is spent in distorting the springs, the remain-
der going into oscillation in the gravitational field. Thus the ampli-
tude of oscillation for any ¢ # 0 mode is smaller than that for the ¢ =
0 mode. Since the energy stored in the springs increases with g, it fol-
lows that, for a fixed temperature, the amplitude of oscillation (and
by analogy <|S(§)|2>) should decrease with increasing g. What hap-
pens as T — T.*? This corresponds in our analogy to weakening the
gravitational field, with the result that, for a fixed energy input and
fixed q, the amplitude of oscillation increases. This increase in fluctu-
ation amplitude as T decreases toward T.* is an indication of the
growing instability in the high-temperature phase. In fact, at T = T*
the fluctuation amplitude <|S(g)|2> diverges for § = 0. T.* is thus

the temperature below which the isotropic phase is absolutely unsta-
ble.
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The third point concerns the physical significance of ¢£. Consider
the correlation function <S(#1)S(F2)>. It is obvious that if L; = Ly =
0, a disturbance at 7; would have no effect on any other spatial point
Fo # F1. The relative phase of fluctuations at two different points
would be completely random. Therefore, it is expected that

(S(r)S(75)y = (SFIXS(#)) = 0.

The interesting case arises when Ly, Lo = 0. Then a thermal fluctua-
tion at 7;can cause a certain amount of in-phase fluctuation at 7o =
71 and as a result <S(71)S(72)> should be nonzero. In general, we can
write

(Sr)S(r)) = 22 2. (S@)S(@") explilgs ¥, + @'+ 7} [77]

]

<8(g)S(g’)> can have the following values:

- (SKS@N) =0, g' +—q
(SESG) = { B A

- - R [78]
(| S(q) | %, 9 =
Therefore,
(S(r) 87 = 2. (|5@)]? exp {ig- (v, - 7)}
_ 52 ) 7%

7 § Va(T - 7T *)( ¥ §2 T) eXp{iEj. (;:1 — ‘,;2)}

~ 2, exp{ig|7i — 7| cos6}
&~ 61ra(T— T*)f d(cose)f q‘dq I+ 77

kpT exp {_I"'l-_ 'VzJ/g}
= 6nE, (aT x)1/2 |7, — 7] .

[79]

In converting the sum over all § vectors to an integral, we have made
the approximation of replacing gmax, the upper limit of the integral
over dgq, by =, valid for qma.|F1 — Fo| > 1. From Eq. [79] it can easily
be checked that if L, Ly — 0, then £ — 0, and <S(#;)S(7#2)> = 0 for
F1 5 Fo. For Ly, Ly # 0, Eq. [79] states that a thermal disturbance at
71 decays exponentially to the equilibrium condition of its surround-

F
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ings in a characteristic distance £. Since £ is the distance over which
fluctuations occur in phase, it is called the “correlation length.” ¢ div-
erges as T — T.*, and for materials with T, sufficiently close to T *
(such as liquid crystals) this behavior of £ gives rise to various observ-
able phenomena, such as the increase in the light scattering cross sec-
tion and in the Cotton-Mouton coefficient when T, is approached
(See Sections 5 and 6).

The General Case of Homophase Fluctuations

We will now investigate in more detail what happens when the re-
striction placed on A(7) in the previous subsection is relaxed. It was
pointed out earlier that in such a situation the fluctuations of S(¥)
cannot be calculated independently from the fluctuations of A(F), due
to interaction terms between them in Eq. [57]. The problem of cou-
pling between different fluctuation modes can be avoided if one con-
siders the thermal fluctuation amplitudes of the tensor order parame-

- ter components, Q;;(7#), rather than the fluctuation amplitudes of
S(7) and A(F).

Since Q(7) is a symmetric, traceless tensor, only five of its nine
components are independent, viz. §@11(F) — Q22(F), Qa3(F), Q12(7),
Q13(7), and Q23(7). As before we Fourier analyze each independent
component,

Qu(M = 2. Q;,(a) exp{ig-7} [80]
with @;;(¢) defined as
- 1 5= . - = o=
Q@ = 3[4 @, exp{-ig" 7} = Qu* . [81]

The volume integral of &, (Eq. [57]), can then be expressed as

fsrdf*? = VFA[T] + VD F(q). [82]
14 7

For a wavevector § pointing along the 3-axis (z-axis), $(g) has the
form
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5@ = a7 - 79| 31 + 820 @u@]? +

10+ £20]Qu@ - 4@ |2+ (1 + £%9]Qu@ |2 +
(1 + 8£%9(Qu@ | + |@u@|)] =

2000Lii | Q@ (Qu*@ ~ Q" @) +

le*@)(ng@ - Q11(5)) + ng@)Qm*@) - Q13(2)Q23*(5)]s
[83]

where £|(£) is the value of £ when ¥ is zero (x/2) and £, is the value
of ¢ when Ly = 0. It is clear from Eq. [83] that for go = 0, i.e., for
nematics, the last term of Eq. [83] vanishes and Q33(§), Q11(@) — Q22
(@), Q12(@), Q13(q), Q23(3) are independent quantities. Since there
are no interaction terms containing both § and ¢’ (§ > ¢’) in Eq. [82],
we are free to choose the spatial axes for each §. Thus, Egs. [82] and
[83] represent a general solution, valid for any §, provided we remem-
ber that the 3-axis is parallel to §. The thermal average of the square
of the fluctuation amplitude for each independent mode can be calcu-
lated in exactly the same manner as was that for S(7) in Section 4.1.1.
As before, the results can be obtained directly from the equipartition
theorem. Therefore, we have, for gg = 0,7

- 2 k,T
<|Q33(Q)|2> =3 Va(T — ch)(l + };'HZqZ)a [84a]
- — 2k, T
<‘Q11(Q) - Q22(4)12> = vVa(T — Tc*§(1 + &12612) , [84b]
N k.T '
(Qul@|* = 2Va(T - T:’,‘)(l v B
and
N | 2 VoY kpT
<|Q13(q)| > = <'Q23(Q)| > - 2VG(T _ Tc*)(l + é—quZ)'
[84d]

When go # 0 the situation is quite different, and some of the
modes which are independent of each other for go = 0 become mixed.
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However, if we again take the 3-axis parallel to ¢, Eq. [83] can be di-
agonalized to give

5(q) = a(T - Tc*)[%(l + 52 |Qul@ [F +
- -, 2; -
1+ 91 Qu@ - @u@ + Rty Qul@|® +

16 2,.2¢ 4 s
(1 + £q" - (l_q%%f)) |Qula) |2 +

1+ £20]0u@ 29,9 £, ~ 12 4
Qi) = Ty pzgry i@

(1 + £%q% - %) |Q23(-‘;)|2:] [85]

It can be seen that the independent modes for cholesterics are
different from those for nematics. If we denote the quantity
[Q11(8) — Q22(@) + (8gog £1%/(1 + £2¢?))Q12(3)] by Qu(§) and
[Q13(2) £ (2g0q £12/(1 + £ 1 2¢?))Q23()] by Q»(7), then the thermal
averages of the fluctuation amplitudes of the independent modes are’

- 2
<l Q33((1) | 2) = § Va(T _ Tc*)(l + £”2q2) ’ [868,]
- 9k, T
<l Qa(Q) I 2) = Va(T — Tc*)(l + 512q2) ’ [86b]

=~ oy kpT(1 + £
<|Q12(Q)|2> - 2Va(T _ Tc*)[LZI + g;ZC;Z)Z _ 16q02q2§14]’
[86¢]

N kR, T
(@[> = svarr — 700 + &2

[86d]

and

~\12 _ kpT(1 + £%¢")
(9u@1% = grarr =T 9(a + L1742,

[86e]
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The thermal averages <|Q11(3)|2>, <|Q22(3)|2>, and <|@13(q)|%>
can also be calculated in terms of the thermal averages of the inde-
pendent modes given in Eq. [86]. Remembering that Q11(3) + Q22 (@)
+ Q33(g) = 0, we obtain

<|Q22(E)|2> = <|Q11(5)|2>

1 - 8 2z . .
= <l§ I:Qa(q) + (1 q_ﬁqEIQ;Z) QiZ(q) - Q33(Q):|

)
2.2, 4 . R
= §[10@P + PG (0@ + (0x@ Y]

= <|Q12(3)|2> + %<|Q33@)|2>’ [86f]
(|Qu@|® = (@u@ |

- 2 2; N
=Q%@¢H%%#ﬁﬂm>

"Ik 49,°¢°¢,* = |2
= (@@ | + OTW (| Q@ |B. [86g]

In deriving Eqgs. [86f] and [86g] we have used the fact that the ther-
mal averages of the cross terms between independent modes, such as
<Q.(q)Q12*(g)>, all vanish.

Due to the fact that the order parameter Q is related to macroscop
ic observable quantities such as the susceptibility tensor x (Eq. [32ﬁ/
and the dielectric tensor ¢, fluctuations in the components of Q are
directly manifested as fluctuations in € and in x and are therefore ex-
perimentally measurable. In Section 5 we will show how the fluctua-
tion amplitude, <|Q;j(§)|?>, can be used to calculate cross section of
light scattering by fluctuations in the isotropic phase of liquid crys-
tals.

4.2 Heterophase Fluctuations

In this section we will investigate fluctuations that result in the for-
mation of small spatial regions of the low temperature, liquid-crystal
phase in the isotropic phase, as the temperature T approaches T
from above. These so-called “heterophase” fluctuations produce a
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sudden change in the value of the order parameter, in a local spatial
region, from S = 0 to a value appropriate to the liquid crystal phase
at temperature T. Referring to Fig. 4, such fluctuations carry local re-
gions from the free energy minimum at 8 = 0, over the barrier to the
free energy minimum near S = <S>.. The small regions of liquid
crystal phase so produced are sometimes called “embryos”; their sta-
bility and statistical distribution for T ~ T are the subject of the fol-
lowing discussion.

Let &; denote the value of the Landau free energy density of the
spatially uniform isotropic phase and F, denote the analogous quan-
tity for the anisotropic, liquid crystal phase. ; and &, correspond to
the values of the two minima in Fig. 4 for T close to T,, and their dif-
ference, AF = &, — F;, is positive for T > T, zero for T = T,, and
negative for T < T.. For the moment let us set L{ =Ly = 0 in the
Landau free energy expression, which implies perfectly sharp
boundaries between the embryos and their surroundings; that is,
every point in the system sits in one or the other of the two minima.
In this case, the probability of heterophase fluctuations can be easily
calculated. If we let P, denote the probability for a spatial region of
volume V,,, to spontaneously fluctuate from the isotropic phase to
the anisotropic phase and P; be the probability that the same spatial
volume would remain in the isotropic phase, then in thermal equilib-
rium

P, o=
5 = exp|—BAF V. [90]

1

Eq. [90] is correct, independent of the barrier height h between the
two minima of the Landau free energy density, so long as we neglect
the energy contributions due to the gradient terms. In this case the
‘barrier height influences only the rate at which the thermal equilibri-
um distribution is reached, but not the distribution itself. According
to Eq. [90] one should expect to observe large heterophase fluctua-
tions near any first order phase transition since AF ~ 0 for T close to
T.. This, of course, is not the case and the reason lies precisely in our
neglect of the gradient terms in the Landau free energy density ex-
pansion.

If we let Ly, Lo # 0, it is clear that formation of an embryo with an
infinitely sharp boundary is energetically unfavorable. Therefore,
there must necessarily be a boundary layer within which the value of
the order parameter varies continuously from that inside the embryo
to that of the surrounding isotropic fluid. The tendency of the gradi-
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ent terms to maximize the spatial extent of the boundary layer is op-
posed by the accompanying increase in energy associated with values
of the order parameter between the two minima, and the boundary
layer that obtains represents a compromise between these two forces.
In reality, then, we see that the barrier height plays a vital role not
only in the rate of approaching the thermal distribution of embryos
but also in the final distribution itself. That is, in addition to the free
energy AF V,p, creation of an embryo also requires a certain amount
of surface energy u per unit area.l” Later in this section we will esti-
mate the magnitude of u for liquid crystals, but for the present we
will calculate the total work & required to produce a spherical embryo
of radius p.
From the above discussion we have

4 —_
d(p) = §Wp3Af}' + 4mp%p, [91]

so that the probability for thermally generating an embryo of radius p
is ~ exp[—B®(p)]. Fig. 8 shows the behavior of &(p) for three different
cases: AF > 0, AF = 0, and AF < 0. For AF 20, T > T,, ®(p) is a
monotonically increasing function of p, and embryos of any radius,
once generated, inevitably shrink and disappear. It is also clear that if
the value of the surface energy u is large, then even at T = T., where
AF = 0, the probability for the occurrence of heterophase fluctua-
tions is small. Since the magnitude of the surface energy u is directly
related to the barrier height between the two free energy minima
(higher barrier==s larger value of u), it follows that in physical sys-
tems where the barrier is high, such as in the liquid-solid phase tran-
sitions, fluctuations are usually small and unobservable.

The interesting case arises when A% < 0, i.e., for T < T.. In this
case S = 0 is a relative minimum, and it is possible to have a super-
cooled metastable state. In Fig. 8 it is shown that for AF < 0, ®(p) has
a maximum at :

|ag| AF

due to the competition between the volume free energy, which is neg-
ative, and the surface energy, which is positive. For embryos of radius
p < p* the surface energy dominates, and the embryos tend to shrink.
However, for those embryos whose radius is greater than p* the vol-
umes free energy dominates, and the embryos tend to grow until the
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whole sample transforms into the low temperature phase. It follows
that if one could avoid producing embryos with radius p = p*, then
supercooling of the sample would occur.

ARBITRARY

UNITS
N
AT >0,T>T,/ ATF=0,T=T,
2 A F<0,T<T
o [4
. , (ARBITRARY
° o >P UNITS)

Fig. 8—Plot of the work required to generate an embryo as a function of its radius p at

different temperatures. For T > T, the work required is an increasing function
of p so that an embryo of any radius, once generated, must ultimately shrink
and disappear. For T < T, embryos whose radius is greater than a critical ra-
dius p* can grow indefinitely until the entire sample has transformed to the or-
dered phase. Note that if the formation of embryos of radius p > p* can be
prevented, the sample can be supercooled.

Since the phenomenon of supercooling depends critically on the
absence of embryos with radius p > p*, it is of interest to estimate the
relative probability A of thermally generating an embryo with radius
p* by heterophase fluctuations. We have, for T near T,

A=

Probability of generating an embryo with radius p*

Probability of the system remaining in isotropic state

3
~ exp| —po(p"] = eXp[' 3k1T \ljﬂg\lzJ - [93]
B c

Since AF changes sign at T = T, we approximate it by the form
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‘AF = const. (T — T,)
for T close to T.. The constant must be equal to —NAs, the transi-
tion entropy per unit volume, since, by definition, —aAF/oT| =1, =
NAs. Thus,

AF = -NAs(T — T, As < 0, [94]

which can be substituted into Eq. [93] to givel®

1673
A =~ exp s/ T 7 ) [95]
3%,T, (T - 1) NY(as)
(4

From Eq. [95] it is evident that if the dimensionless ratio u3/
(ksT.3N2%(As)?) is large, A is small and supercooling should be easily
observable.

We can estimate the value of p within the framework of Landau-de
Gennes theory. For this purpose we will use Eq. [42] with H, E, qo,
and L, set equal to zero and we will neglect any spatial variation in
A(F). Eq. [42] then becomes

F = AlT) + Sar - T95°G) + {BSG) +
SCSU) + %Li[ﬁs(?)]z. [9%6]

We will consider a semi-infinite planar sample in which S(#) varies
only as a function of z with boundary values S(—~=) = <S>, and
S(») = 0. The origin z = 0 is defined arbitrarily by the condition
S(z = 0) = <8>./2. From arguments presented previously we expect
to find a transition layer in which the value of S varies continuously
from <S>, to 0. The free energy per unit area of the transition layer
is given by

PEAL [T asfs - Al

¥ . dsi 2
= f dZ{ga(T - TLSHR) + 1 BS() + 15CSH) + %1.1( d‘:’) }

[97]
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where the dependence of F on S(z) is shown explicitly. The variation .
of S(z) with z is obtained by minimizing the free energy F. The re-
sulting S(z) must satisfy the Euler-Lagrange equation

d

dS(Z)l: a(T — T *)SZ(z) + BS3(Z) + 96084(2)]

d*S(z)

L1 Tdzt

3 [98]

Multiblying both sides of Eq. [98] by dS(z)/dz and integrating once
with respect to z gives

const. + %a(T - T ¥)S¥2) + %Bs%) + 1—%cs4(z)

2
- 3u (122

The constant in Eq. [99] must be zero since S(«) = 0 and [dS(z)/
dz|,=~] = 0. Therefore, using the fact that 2 = 0 is defined as the
point at which'S = <S§>./2, we have

fS(z) das’
172
<8312 |:3(T/T * - 1) + f* S+ 4:;:* s'4] /
<aT * )1/2
= — —a V4
3L1 51’*—&"“&}%" Wx,:xt@
r4
or + = G[S(2)] - G[(S)./2], [100]
T ¢ | 5131}
where $\ ’L"" —iﬁ }
e
G(S) = 1n {—\/3[(T/Tc*) - 1] + (B/c;Tc*)S + (9C/4aTc"‘)S2

_ Y8[(r/T.H —1] __ (B/aT¥)
£ T =1 } [101]
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For T = T,, Eq. [100] can be simplified to the form

S(2) = <§>° -[100a}
exp (5) + 1

with the aid of Egs. [52] and [53]. Equations [100], [100a], and [101]
give the spatial variation of S as a function of z. Using Eq. [100a] and
<S>, = 0.33, we obtain S(z) as plotted in Fig. 9 for T = T.. The fact

= : RE— —
’ 2/¢,
Fig. 9—Variation of the order parameter S as a function of distance in the boundary

layer separating the ordered phase, S = < 8>, from the disordered phase, S
=0,atT=T,

that S(z) decays most rapidly for S ~ 0.2 is understandable because
S = 0.17 is the position of the barrier peak and therefore such values
of S should occupy the smallest portion of the boundary layer in
order to minimize the total free energy.

We can also calculate the surface energy’ per unit area u using Eq.
[99]. Substituting Eq. [99] into Eq. [97], we get

o0 2 ' *
=g (B) - 3n, [ et (42)

=35 f( " asta) (‘%‘z—)) . [102]

S,

Using Eq. [99] for dS(z)/dz (with the minus sign for z > 0), Eq. [102]
becomes .
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*x)1/2
b= (8L,aT *) o

2

(S), T B 9C :|1/2
r Qe _ ’r 4 12 .
fo ds's [3 (Tc* 1) 7w S ars S
[103]

Setting T = T,, L; = 6 X 1077 dyne, and using the values of a, B, C,
T, <S>, and T * for MBBA, we find 4 =~ 0.02 erg/cm2. This is in
good agreement with the measured value'® of u ~ 0.023 erg/cm?.
Using this value of u, As =2 0.16 kg, and N =~ 2.3 X 1021 cm~3, we ob-
tain the dimensionless ratio u3/(kgT.3N2(As)2) ~ 0.7 X 10~ for
MBBA. Putting this value into Eq. [95] yields the result that A is of
order e™! (®(p*) = kT.) when T ~ T, — 1°K, which means that
MBBA can at most be supercooled to about 1°K below T'..! Recalling
from Section 2.3 that T.* was interpreted as that temperature below
which supercooling is impossible, we conclude from the above calcu-
lation that for MBBA, T.* ~ T, — 1°K. This is in very good agree-
ment with experimental valuel4 of T, — T,.* ~ 1°K.

5. Observation of Fluctuations Using Light Scattering

Fluctuations in the order parameter are reflected in various physical
properties of a liquid crystal material. In this section we will focus on
the elastic (Rayleigh) scattering of light by such fluctuations in the
isotropic phase of nematic and cholesteric materials near T,.

We begin by expressing the dielectric constant at an arbitrary
point 7 in terms of the order parameter

€« = %(Ae)maxQ(;) + eI, [104]

where € is the dielectric constant of the isotropic liquid and I is the
unit tensor of the second rank. Since the polarizability «(*) = [e(F) —
I)/4x, we can write

€ -1 I
ypa U [105]

o) = (89 ,mQ0) +

which, upon Fourier transformation, becomes

T At this temperature the value of p* calculated from Eqs. [92] and [94] is about 80 A.
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—

alq) = 61 (Ae)maxQ(q)+ yp (q)l [106]

Consider an incident light wave (Fig. 10) of the form
E, = émEo expli(ky v — wt], [107]

with frequency w and wavevector |k;,| = w/c. &;, in Eq. [107] is a unit

A
€out T

—>-»
P(r)

a5
koln

Fig. 10—Graphic illustration of the vector identity, Eq. [110].

polarization vector pointing along fhe electric field direction of the
incident light. This wave will induce a dipole moment per unit vol-
ume P(7) in the sample

B(n) = a(n-E, = o &,E, expl(yy- 7 — w)]. [108]

At a point 7, far from the scattering volume the radiation from a vol-

ume d3 around 7 due to the induced oscillating dipole moment P(¥)
ig20

Wd3% (PO x By X Byl o~ -
dE°“' - czl'ﬂ - ;’.l ‘[Eouttlz — eXp[zkout'(Tl -1}, [109]

where ¢ is the speed of light and k., is a vector of magnitude w/c
pointing in the direction of (¥; — 7). Letting 2,,; be the unit vector
pointing along the direction of dE,,;, we see from Fig. 10 that

- B_P%@R_Xm_l = [oues P(A)eru [110]
out
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Substitution of Eqs. [108] and [110] into Eq. [109] yields

= ~ WE L - - = .
dE,, = eout-?ﬁ expli (Boye® 71 — wi)](€gy s A7) * €5,) X

explig:#]d37, [111]

where Ro = |1 — 7| and § = Eout — kin. Integrating over the volume
of the sample with R¢ treated as a constant (7, is very far from the
sample), we obtain an expression for the total scattered electric field
at ?1

E _ szQV . E —_ ~ . ~
out — eout CZRO eXp[l( outorl - wt)](eout. a(Q)' €in)>

[112]

and for the differential Rayleigh scattering cross section dog

Egl? WV | . ~
dag = HJEU]T RRAQ = |G al@)- 2,l%d0,  [113]

where dQ is the differential solid angle in the direction of Eoue. Sub-
stituting Eq. [106] into Eq. [113], we find the light scattering power,
or Rayleigh ratio, to be

1 dop AV (- =~y
_1 _ rax ¥ . Q@) o. 114
R V dQ cX6m)? ‘eout Ql9) em‘ ) [114]

for § > 0. In the isotropic phase of a nematic or cholesteric liquid
crystal the scattering results from thermal fluctuations, and the ex-
perimentally measured Rayleigh ratio is therefore given by

(.04 A %naxV -~ _— A
R = __%r(gfi)—ﬂﬁ—<leout'Q(q)'einI2>- [115]

In Fig. 11 we show a scattering geometry in which the wavevector
of the incoming light makes an angle v with that of the outgoing light
and &,y is perpendicular to &;,,. If &1, &2, and 23 are unit vectors along
the x,y, and z axes, respectively, with ¢ || z, then
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ein = 62,
and

-~ VA ~

Cout = COS5 €3 — sin% e. [116]
It follows that

2 @)+ 2] = (|03 0@ - sing @u@F). 1117

Since Q23(3) and Q:2(§) are independent, the cross terms in Eq.
[117] average to zero, leaving

- N v ~ . U -
(| et Q@- 2,]H = C°S2§<iQ32(Q) |3 + sin® §<|Q12(Q)\ 2.
[118]
Substituting Eq. [118] into Eq. [115] and using the results of Eq. [86]

we have, finally, that the Rayleigh ratio for the scattering geometry of
Fig. 11is

— c6ma(T — T %

w4(A€)§nakaT [ 2V (1 + £L2q2)
COS“— +
2 [(1 + £%%? - 4q9,%,%"]

.,V (1 + £%Y
s1n22 [(1 ¥ 512q2)2 _1 16q02£14q2]] s [119]

where |§| = (2w/c) sin v/2.

For nematic materials go = 0 and Eq. [119] shows that the scatter-
ing intensity decreases with increasing g. For cholesteric materials,
on the other hand, go > 0 and the second term of Eq. [119] can be
peaked for a value of ¢ such that

- 172
q = (4q0£1£ 1) > 0,
1

[120]

provided gof1 > Y. Physically this means that if the correlation
length £; is of order A\o/10 then fluctuations in cholesteric order will
produce incomplete helices with ~% of a pitch, which couple strong-
ly to the incident and scattered light waves when the transfer wave-




LANDAU—deGENNES THEORY 193

vector § satisfies Eq. [120]. As T — T * from above, §; increases and
the peak in the second term of Eq. {119] diverges at gof; = % which
corresponds to the temperature T = T.* + 4g¢2L/a (Recall that & =
[L1/a(T — T *)]\/2).

Z
LIGHT LIGHT
; SOURCE DETECTOR
A
/e\ln € out
—> —_ —>
n a kou'
r R’}
2 2 X
LIQUID
® CRYSTAL
SAMPLE

Fig. 11—lllustration of the geometry used in the light scattering experiment discussed in
Section 5. Note that g is chosen to be along the z-direction to conform with
the convention used in the text.

The Rayleigh ratio has been measured in the isotropic phase of
both nematic!42! and cholesteric?? liquid crystals. Agreement be-
tween these measurements and the predictions of the Landau-de
Gennes theory is excellent in both cases.

6. Magnetic Birefringence and the Paranematic Susceptibility

Consider the effect of applying a static or slowly varying magnetic
field to a sample of nematic liquid crystal in its isotropic phase. As-
suming that # || H, we can write the magnetic contribution to the free
energy density as (see Eq. [38])

Fu = — 35 (A0nuSOHL [121]

The equilibrium state in the presence of the magnetic field will have
finite order since Fp is negative; the average value of this order S(H)
can be calculated straightforwardly. We have
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sun =L [ dS?s(&}H = (SE = Oy =

f DS(;)[%, fd 3?5(?)] exp {—BI d37 ( F, - (i’%m S(?)HZ)}
Josth exp {-p1av3 (3, - Wm smind)l Ty

where < >py denotes the thermal average with the magnetic field- H
present.

S(H) depends on H quadratically and, furthermore, since S(H) is
expected to be small and S(H = 0) = 0, we can make the following ex-
pansion

S(H) = nH? + . ..
where

_3S(H)

T = SH?

H2=0

is the paranematic susceptibility. Substituting for S(H) from Eq.
[122] and evaluating the resulting expression in the limit H2 — 0, we
find

n = kBLT(_AL;mH V{(l S(_q‘.‘—" O)|2>H2=0 - (S(E = 0)>2H2=0}
= Pl ([5G = 0], (123

In the approximation B = C = 0, we can substitute Eq. [74] into Eq.
[123] and get

2(a |
n = 9a((T )i)mTc*) [124]

Taking (Ax)max = 1076 cgs units, a =~ 4.2 X 105 erg/°K cm3, T = T,,
and T — Tc* = 1°K, we find # =~ 5 X 10~13 cm3/erg. For a field H ~
10 KOe this results in an equilibrium order §(10 KOe) ~ 5 X 10-5,
The paranematic susceptibility is directly related to the phenome-
non of magnetic birefringence. Any anisotropic property is propor-

|
!
z
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tional to the induced order. Specifically we can write
Ae = €, — € = MJ(S(qg = 0)), = M,S(H) [125]

where M, is a constant and ¢|(e ) is the long wavelength (g = 0) di-
electric constant parallel (perpendicular) to H. However, Ae = (¢)1/2
— €, Y2)(¢)2 + ¢,1/2) ~ 2nAn, n being the refractive index, and
using our previous result for S(H), Eq. [125] becomes

My(AY) )
— 02X pax
N 5 H?. [126]

Rearranging Eq. [126] gives
An _ MAY
H* ™ 9an(T — T ¥

_ Mo
2n

[127]

The quantity An/H? is called the Cotton-Mouton coefficient which is
seen to diverge at T' = T * and to fall off as (T — T.*)~1 above T.*.
Measurements of magnetic birefringence have been made for
MBBA,4 and the inverse Cotton-Mouton coefficient was plotted as a
function of temperature. The experimental behavior is in complete
agreement with Eq. [127]. Analysis of the data yields T, * ~ T, —
1°K.
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Appendix A

In this appendix we illustrate some implications of Eq. [15]. Consider
a hypothetical system in which the function v[Ve(F),T] is given by

exp {—By[%o(;),T]} = 5[30(;)]. [128]

. The interaction energy defined by Eq. [128] reflects a rigid coupling
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between neighboring spatial regions. Substituting Eq. [128] into Eq.
[15], we see that the only form of o(7) that can contribute to the inte-
gral is ¢(#) = constant, since any spatial variation of ¢(#) would make
the integrand vanish due to the particular form of v[Ve(7),T]. The
delta function thus simplifies the functional integral { Do(¥), which
can be written as [da(1) ... fdo(M), (see Section 1) to a one-dimen-
sional integral (do. Eq. [15] therefore becomes

2(1) = f do exp {-BVf|o, T]}. [129]

At any particular temperature, f[o,T] has a minimum. If 6o(7) is the
value of ¢ which minimizes f[s,T] at temperature 7, then the inte-
grand in Eq. [129] has a peak at ¢ = 0o(T). In the spirit of Landau’s
approach, let us approximate Z(T), Eq. [129], by using a Taylor se-
ries approximation for f[s,T'] around its minimum:

flo, T] = f,|lT] + %A(T)[o — oD, A(T) > 0 [130]

where fo[T] = floo(T),T]. Then

2(1) =~ exp{-BVALTTH [ do exp {-8VADo — oy(D)]/2}.
[131]

Note that the integrand in Eq. [131] is a Gaussian centered at oo(7T)
with half width [8VA(T)]~Y/2. As V — =, the width of the peak ap-
proaches zero and the approximation, Eq. [131], becomes exact. It
also follows that in the limit V — « the thermal distribution func-
tion, exp{—BVfla,T|}/Z(T), approaches a delta function peaked at
o0(T). This observation is the basis of the well-known result that in
the thermodynamic limit the thermal average of s, denoted by <o>,
is equal to the value of g¢(T") that minimizes the Landau free energy
function f[s,T), that is, the equilibrium value.

For a sufficiently large volume V the integral in Eq. [131] can be
evaluated to give

1/2
Z(T) ~ <~BV%4(—”T)> exp {-BVf,[T]}. [132]
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From Eq. [132] the free energy density in the thermodynamic limit V
— o ig evaluated to be

F(T)

. _ . kpT 2m _
Lim =7 = A7)+ lim 55 [ 1n avacn | = ATl 059

Eq. [133] states the result that in a spatially uniform system, where
the partition function can be expressed by Eq. [129], the free energy
density at temperature T is equal to the value of the minimum of the
Landau free energy density function f[s,T] at that temperature.

The magnitude of the fluctuations in this hypothetical system can
also be evaluated. If the thermal average of the quantity ¢ is defined
by

(%) = Z_Tlijdo o’ exp{-BpVf|[o, T}, [134]

then the root mean square fluctuation of the order parameter is

[0 — ©@ND]? = [(oB - )2 [135]

Carrying out the calculation with the approximation of Eq. [130] and
V large, we obtain

[(e® = (@?]'/? = [a/BVA(T)]'/4, [136]

which vanishes in the limit of V — « unless, of course, A(T) — 0.
This result, which is the same as the corresponding result of the mean
field theory, is purely an artifact of having required the whole system
to fluctuate in phase by the specific choice of ¥[Va(#),T] in Eq. [128].
To see the effect of specifying a different y[Va(#),T], let us set
y[vo(r), T] = 0 [137]

and calculate the free energy density. In tilis case Eq. [15] becomes
A1) = [Do(?) exp{-([a*7flo(), T])}
M
= - ’ T
fdo(l) .. .fdo(M) exp { 5AV 0;f[or(a) ]}
- [ [ do exp {-gavlo, T]}] , [138]
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where AV is the elementary volume as defined before, M = V/AV,
and V is the volume of the whole system. Using the same approxima-
tion for f[o,T] as that given by Eq. [130], we get

M
Z(1) =~ (BA—IZT(_T)>2 exp{—-BV/f,[T1}. [139]

The free energy density is then

. F(D) . kBTM[ 27 ]
_— = +
lim == = AlT] + Uim =557 | In x| -

[140]

As V — », we have M — « such that V/M = AV = constant. There-
fore,

. K1) _ k T[ 2nk, T :l
Hm =y = AT + v | ava@ |- [141]

Eq. [141] differs from Eq. [133] by an additional term which can be
attributed to spatial fluctuations of the order parameter. In contrast
to the previous case where the whole system fluctuates in phase, fluc-
tuations in a system where y[Va(7),T] = 0 are completely uncorrelat-
ed from one spatial region to the next.

In real systems, coupling between a small part of the sample with
the rest is neither zero nor rigid but can be described as elastic. This
implies that for physical systems the order parameter fluctuations at
two different spatial points are partially correlated, the degree of cor-
relation being a decreasing function of the separation between the
two points. These expectations are made explicit by calculations in
Section 4.

Appendix B

In this appendix we wish to obtain the Jacobian factor for Eq. [63]
and thence to evaluate the free energy density given by Eq. [70].

From Eq. [60a] it is clear that the Jacobian is given by
|lexp(iGsFa)||, the determinant of the M X M matrix with elements
exp(ijgFa) in column o and row B. The inverse for the matrix for
which the aff — element is [exp(iGg7.)] can be obtained from Egs.
[60a] and [61a];
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Sy = ;S(ZI}) exp{igs+ 74}

A - . —-

—VI—/-Z z exp{—ig,° 7} exp{—qu * ¥ }S(7,) [142]
8 7

which implies

AV - — = 1 =«
% Z €xp {_ZQB' 'Vy} exP{ZqB' ra}’ = 67a = { 7 [143]
8 0 #+ O
Y

Therefore, the inverse matrix has element
AV .=
ZY erigger,
|4
in row a and column 8. From matrix algebra and Eq. [143] we get

8,4, = 1 = llexp(igy- iy 7)1

- = A - =
= llexp(igg* 7o)l * IITVH * llexp (igg > 7 ) 1*

— AI/ M o—n - — -
=\7 lexp (igg* 7o) Il » lexp(igs e 7o) I*. [144]

Therefore, apart from a phase factor, which we set equal to zero, the
Jacobian is given by (V/AV)M/2,
From Eq. [70] the integral is easily evaluated to give

3 AvVa(T - TN + £4%)°

Z(q,T) = [145]

where the upper limit of integration for d|S(g)|2 is set equal to «.
The total free energy of the system is given by

F(T) = —kT In Z(T) = Vf,[T] -

. 27 RyT _
k TZ ln[s AVa(T - T, AT Ezqz)]_ vAlT] -
kT Vo oms 27 kT
5 @ 4mq*dq 1“[3 ava(T — T *)(1 ¥ £ 2)] [146]

e

where the summation over the independent set of § vectors is extend-
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ed to every ¢ with the final sum multiplied by %. The integral can be
evaluated to give a free-energy density expression

(T

_—(V) = fo[T] -
ks Tq® { [ 1 kpTq’ }
ZB" 1 max B max +

1272 Inf o a(T — TH1 + £¢°,)

2 2 -1
2 - t gLanquﬂ} (147}
3 £°q " max 8°q° max

where we have set AV = (27)3/q3,,4.. Eq. [147] can be easily reduced
to the two limits, Eqs. [133] and [141], discussed in Appendix A. On
the one hand, the rigid coupling limit can be obtained by reducing
the degrees of freedom of the system from M independently varying
components to a single independently varying component. This can
be accomplished by letting gmqx — 0 in Eq. [147], which is equivalent
to requiring AV — V and M — 1. The zero coupling limit, on the
other hand, can simply be obtained by letting £ — 0 in Eq. [147].
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