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Causality in physics dictates that three-dimensional (3D) 
radiation of a point source is given only by the causal (or 
retarded) Green’s function Gc (refs 1,2), which describes an 

outgoing wave. On the other hand, despite the fact that the anti-
causal (or advanced) Green’s function Ga is also a solution to the 
same wave equation, a converging wave alone is never observed. 
As a converging wave cannot stop in free space, it collapses at the 
focus and will continue its propagation as another diverging wave 
(Fig. 1a). Therefore, in 3D space, any converging monochromatic 
spherical wave ϕcg =  Ga =  exp(− ikr −  iωt)/r that focuses at the ori-
gin (r =  0) is followed by a diverging wave (with a reverse sign) that 
reads ϕdg =  Gc =  exp(ikr −  iωt)/r. Therefore, the total wave field is 
given by the superposition of these two waves
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The minus sign in front of Gc accounts for the fact that, in free space, 
the two waves must destructively interfere, so that no singularity 
occurs. The amplitude of the total field has a sinc-function shape, 
as plotted in Fig. 1b as a function of r. We observe a main peak 
of full-width at half-maximum (FWHM) of ∼ λ/2, surrounded by 
side-lobes that decay as r−1. Such a shape is the consequence of the 
interference between Ga and Gc (refs 2,3). This is, in fact, the ori-
gin of the diffraction limit of a focal spot. How to focus beyond 
the diffraction limit is a topic of importance both fundamentally 
and for applications. An interpretation of sub-diffraction focusing 
is through the consideration of high spatial frequency. As plane-
wave solutions of wave equations associated with high spatial fre-
quency are evanescent and therefore cannot propagate, they cling 
to the near-field of a surface, and are missing in the far field of any 
lens. Many approaches have been proposed to overcome this limita-
tion by reintroducing the evanescent waves to the near field of the 
desired focus, especially by metamaterials made of subwavelength 
resonators4. Examples include negative-index materials as super-
lenses5,6, structures with hyperbolic dispersion as hyperlenses7,8 or 
resonant metalenses that possess polariton-like dispersion9,10.

Here, we demonstrate a different kind of sub-diffraction focus-
ing by building a stand-alone anti-causal Green’s function Ga in 3D 
space up to a distance λ≪a  from the origin. We achieve this by 
combining the power of a time-reversal (TR) mirror and a sub-
wavelength near-perfect absorber for spherical waves of radius a. 
We show the way high absorption can play a positive role in a 3D 
focusing problem. This is particularly interesting, since absorption 
has been a common issue limiting the performance and practical 
use in previous examples of metamaterials.

Results
We begin by taking a closer look at equation (1), which suggests 
the possibility to manipulate the shape of the focal spot. Imagine 
the extreme case that Gc =  0, then the total field becomes ϕ =  Ga 
(refs 2,3), as shown in Fig. 1c. Its amplitude becomes r−1, which is 
divergent at the origin. Consequently, the FWHM of the focal spot 
is infinitely small. This is plotted in Fig. 1d. However, since the wave 
equation and therefore its solutions must be continuous every-
where, singularity in a wavefunction is forbidden in homogeneous 
media. Therefore, to have Gc =  0 implies one also has to time-reverse 
the source in addition to the waves. This implies the presence of 
a point sink at the origin, at which waves become extinct. Here, a 
sink is the time-reversed version of a source. By including the point 
sink, which takes the form of a delta function in real space in the 
source term of the wave equation, a wave singularity is then allowed. 
The evanescent components needed for the singularity are intro-
duced by the time-reversed source (see Supplementary Notes and 
Supplementary Fig. 1 for more details). Sadly, in reality a point sink 
with infinitesimal dimension does not exist. Nevertheless, can we 
benefit from such an approach, and seek to reduce the size of a focal 
spot by creating a wave that mimics the anti-causal Green’s function 
up to a finite distance λ≪a  from the focus?

Building anti-causal Green’s function in causal physics. To 
achieve this goal in a causal system, we identify two essential ingre-
dients. The first one is the creation of a converging spherical wave. 
This is possible by using a TR mirror for acoustic waves11,12. In par-
ticular, the existence of monopole radiation in 3D free space makes 
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acoustic waves the best candidate for this investigation, compared 
with electromagnetic waves, whose lowest possible radiation order 
in three dimensions is dipole13. The second ingredient is the design 
of a subwavelength object of radius a that behaves as a sink to anni-
hilate the diverging wave, so that Ga can describe the total field in 
3D space up to the radial position r =  a. For monochromatic waves, 
such a subwavelength perfect absorber can be described as a spheri-
cal object with a surface impedance that is perfectly matched to a 
spherical converging wave at the radial position r =  a. As the imped-
ance for a spherical wave is a complex function of both frequency 
and radial position (see Supplementary Notes), both the real part 
and the imaginary part have to be matched.

This seemingly stringent requirement can now be met, owing to 
the recent advances in metamaterials. In particular, a new class of 
acoustic metamaterials14–21 with subwavelength dimensions demon-
strate near-perfect absorption for acoustic plane waves. However, 
all of these solutions have been proposed and tested only for normal 
incidence of plane waves. Here, we choose a membrane absorber 
as a starting point. The physics and performance of the membrane 
absorber are detailed in ref. 16. Simply put, this membrane absorber 
relies on the hybridization of at least two eigenmodes to attain 
impedance matching to incoming plane waves in air, and simul-
taneously possesses large evanescent components. Consequently, 
far-field reflection is minimized, and meanwhile the local energy 
density, and thereby the dissipative power, is maximized.

Subwavelength near-perfect absorber for a spherical wave. The 
main challenge is how to extend this concept to build a perfect 

absorber in three dimensions to handle spherical waves that mim-
ics a subwavelength sink. To begin, we need a structure whose 
symmetry is close to the spherical one. Here we choose to use a 
dodecahedron geometry consisting of 12 identical units of mem-
brane absorber, each with the shape of a penta-pyramid. A pho-
tographic image is shown in the inset of Fig. 2a (see Methods 
for further details). The properties of this unit under plane-wave 
incidence are shown in Supplementary Fig. 2. The penta-pyramid 
absorbers can be easily assembled to a dodecahedron with a radius 
of a =  4 cm. The geometric shape of a dodecahedron suggests that 
it can potentially be a good absorber for a converging spherical 
wave. Yet characterization of its absorption for a spherical wave is 
an experimental challenge.

This brings us to the other ingredient central to our investiga-
tion, the generation of a converging spherical wave using a TR mir-
ror22. We conduct the TR acoustic experiment in our laboratory, 
which is a reverberant room. In the first step, a short pulse is emitted 
by a monopole source (loudspeaker) placed in an empty part of the 
laboratory. The source position is defined as the origin (r =  0). The 
wave field is recorded by 16 microphones placed around the labora-
tory. (An alternative method exists for this step, see Methods for 
details.) In the second step of the experiment, the recorded signals 
are flipped in time in a computer and then emitted by 16 loudspeak-
ers that are placed at the same positions as the microphones. The 
TR invariance guarantees that these waves will retrace their origi-
nal propagation paths to converge to the origin, and reconstruct 
the pulse. Since the source is a monopole (which is removed in the 
back-propagation step), the TR wave field will focus isotropically, 
generating a spherical wave that converges to the origin.

We next seek to measure the absorption coefficient. To do so, we 
need to exploit the spatio-temporal characteristic of the TR re-focus-
ing. As a short pulse was sent in the first step, the TR revival waves 
must collapse to the origin at a specific instant. Experimentally, this 
instant is given by the peak in the temporal signal recorded at the 
origin. (See Supplementary Fig. 3 for the signal we used.) This well-
defined and easily identifiable focus time, which we denote t =  0, 
provides a clear separation of the incoming and outgoing waves at 
the origin. Waves converge to the origin for t <  0, and diverge for 
t >  0. By taking into account the acoustic time of flight, it is also easy 
to perform such a separation for TR signals measured in the vicinity 
of the origin.

To measure the absorption performance of the dodecahedral 
absorber, during the second step of the TR experiment, we arrange 
12 miniature microphones on a semicircular arc to form a sensor 
array, whose centre coincides with the origin, as shown in Fig. 2a. 
The array can rotate to sweep a spherical surface that encloses the 
absorber, which is kept stationary. By recording the signals of TR 
re-focusing, and separating converging and diverging waves in the 
time domain, we are able to measure how much acoustic energy 
exits through the spherical surface formed by the microphone array. 
We measured the diverging waves for the cases with and without the 
absorber. The results are shown in Fig. 2b. Here the curves are the 
average of all 12 microphones. The radial axis represents the pres-
sure amplitude, and the angular axis represents the array’s angular 
position during the sweep. Without the absorber, the measured 
results (black curve) delineate a circle, which clearly indicates the 
isotropic nature of the spherical diverging waves. With the absorber, 
the outgoing energy is significantly reduced, as shown by the red 
curve. From this result, it is straightforward to obtain the experi-
mental absorption coefficient α of the dodecahedral absorber, 
which, in this case, is α =  0.92 at 795 Hz.

The absorption is high, but does not reach unity. This means 
that the dodecahedron is not perfectly matched to the converging 
wave impedance; and that there is a non-zero reflected wave, with 
the reflection coefficient between converging and diverging waves 
given by α= −θR e 1i , where α∣ ∣ = −R 1  is the amplitude and θ 
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Fig. 1 | Formation of a focal spot. a, In free space, a spherical wave (red, 
described by the anti-causal Green’s function Ga) converges to a point and 
subsequently becomes a diverging wave (blue, described by the causal 
Green’s function Gc). b, Their interference gives rise to a total wave field 
that has a sinc-function shape, which is the hallmark of a focal spot. c, If  
a point sink is placed at the centre of the focal spot to remove the diverging 
wave but does not affect the converging wave, then the total wave field is 
given only by Ga. d, The focal spot has a singularity at the origin, and does 
not have any side-lobe.
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is the reflection phase. Since most outgoing energy is removed, the 
total field, although not strictly Ga, becomes

ϕ α= + = + −θ
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As we will show next, θ can be obtained from fitting the measured 
focal spot profile.

Sub-diffraction focusing. The high absorption must have a 
strong impact on the shape of the focal spot. To observe this, 
we scan the field along the radial direction, as shown in Fig. 3a. 
We point out that unlike for the measurement of the absorption 
coefficient, we now keep all temporal signals to obtain the total 
field, which include both t <  0 (converging) and t >  0 (diverg-
ing). The measured results are shown in Fig. 3b as markers. The 
black open markers delineate the case in which the absorber is 
absent. A well-defined standard focus is observed, which has the 
sinc-function shape. In the presence of the absorber (red mark-
ers), the focal spot has a very different shape. First, the main 
peak becomes more slender. The amplitude FWHM, calculated 
only from the maximal measured value measured outside the 
absorber (0.83, at r/λ ∼  0.12), is reduced to 0.4λ, which is marked 
by the red arrow in Fig. 3b. This shows that the focal spot is now 
20% smaller than the diffraction limit. Second, the first side-
lobe is considerably suppressed, with a flatter profile and much  
smaller undulation.

The experimental result can be nicely fitted using equation (2) 
with the experimentally measured absorption α =  0.92, and a fitting 
reflection phase θ =  π , as plotted in Fig. 3b by the red curve. Notably, 
with θ =  π , we can rewrite equation (2) as

ϕ α= − −
−

r r
e 1 e (3)

ikr ikr

by which we recover the form of equation (1). As a reference, the 
black curve in Fig. 3b is plotted from equation (3) with α =  0.

The perfect spherical impedance matching will need Zs =  − Zcg, 
where Zs is the surface impedance of the absorber and Zcg is the 
spherical converging wave impedance (details of the derivation 
are presented in Supplementary Notes). We can calculate that at 
r =  a =  4 cm and f =  795 Hz, − Zcg =  Z0(0.25+ 0.43i), where Z0 =  ρ0c0 is 
the characteristic impedance of air, with ρ0 and c0 being the mass 
density and speed of sound, respectively. Combining experimen-
tally measured α∣ ∣ = − = .R 1 0 283 and the fitting phase θ =  π , we 
can obtain Zs ≈  Z0(0.29 +  0.28i), which suggests that the absorber 
is well matched to − Zcg in the real part, but has a mismatch in the 
imaginary part. Nevertheless, our measurement already shows 
that due to the high absorption, the total field is dominated by Ga  
in r >  4 cm.

We have also carried out control experiments. It is seen that 
at frequencies with very small absorption, the dodecahedron has 
almost no effect on the shape of the focal spot. The results are shown 
in Supplementary Fig. 4.

From equation (3), one can easily see that even with a non-unity 
absorption coefficient, there is a component that yields a singularity at 
the origin. Unfortunately, this cannot be observed since equation (3)  
is satisfied only up to the absorber’s surface at a =  4 cm. In addi-
tion, since the absorber still has a finite volume, singularity does not 
emerge in our system. We nevertheless use miniature microphones 
to measure inside the absorber, as shown in the inset of Fig. 3a. The 
measured results, together with the scanned wave field outside the 
absorber, are shown in Fig. 3c in a semi-log scale. It is seen that 
the wave amplitude inside the absorber is over one order of magni-
tude larger than that outside it. Yet this large wave magnitude is the 
consequence of the absorber’s resonance. Indeed, we see in Fig. 3c 
that inside the absorber, the wave field distribution does not follow 
the theoretical curve (red) that is given by equation (3) by setting 
α =  0.92. However, this information hints at an effective way to fur-
ther reduce the size of the focal spot, which is to reduce the size of 
the absorber, which is achievable as long as the spherical impedance 
matching condition is satisfied.

The resonant nature of the absorber and the dispersive nature of 
the spherical impedance imply that the good impedance matching 
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Fig. 2 | an absorber for converging spherical waves. a, The experimental set-up for the measurement of the absorption coefficient for spherical-wave 
incidence. The absorber for converging spherical waves, which is a dodecahedron of 12 identical unit membrane absorbers (inset), is placed at the centre 
of a half-circular microphone array. A spherical wave is converged to the centre of the absorber by a TR mirror. We rotate the microphone array to sweep a 
spherical surface (the reddish halo). We record the diverging wave that exits this enclosing surface. b, The measured results. The black curve is without the 
absorber, and the red curve is with the absorber. The radial axis represents the normalized pressure amplitude, and the angular axis is the array’s azimuthal 
position. Here the results are the average of all the microphones on the array. It is seen that the absorber is able to remove a majority of the outgoing wave. 
Our measurement gives an absorption coefficient α =  0.92 at 795 Hz.
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as described above may not be achieved at frequencies other than 
795 Hz. At other frequencies, the same absorber may give different 
α and θ. In particular, the phase factor θ can have interesting effects 
on the shape of the focal spot3. An investigation on this matter is 
detailed in Supplementary Fig. 5. and Supplementary Notes.

To further show that the resolution can indeed be improved 
via absorption, we use the TR technique to generate two identical, 
simultaneous and isotropic focal spots with a subwavelength sepa-
ration of 0.4λ, as shown in Fig. 4a. We scan the field along the line 
connecting the two focus points. A single broad peak is the result, as 
shown in Fig. 4b as black open markers. Clearly, the focal spots can-
not be resolved in free space. We then place two identical absorbers 
precisely at the two focal spots (Fig. 4a). In this case, the two focal 
spots are now easily distinguishable in the experiment (red markers, 
Fig. 4b), showing a substantial increase in resolution.

Discussion
The fundamental importance of a sink is also reflected in a recent 
debate on super-resolution in a positive-index medium23–25. We 

can reinterpret our experiment as a perfect TR experiment26, and 
compare it to an ‘active sink’ that was experimentally demonstrated 
previously2. The active sink was proposed to achieve a perfect TR 
experiment with elastic waves in two dimensions, which requires 
one to time-reverse not only the field (with a TR mirror)12,22,27–29, but 
also the original source. An active sink achieves this by means of 
injecting another diverging wave during the TR step at the appropri-
ate time, so that it exactly cancels the natural outgoing wave. Such 
an active sink has the advantage to work in an arbitrarily broad 
bandwidth. However, it requires a second injection of the original 
emission, which must contain all of the information about the pulse 
waveform, the knowledge of the instantaneous phase and the tem-
poral information of the re-focusing. In comparison, what we show 
here in three dimensions is that for a narrow-band signal a passive 
sink can achieve a similar effect by absorbing almost all of the incom-
ing energy of the converging wave. The result is a near-perfect time-
reversed movie of the original experimental history, which consists 
of the emission by the source, followed by the wave’s propagation.

Our approach is also related to the use of coherent perfect 
absorbers30, especially to the use of a time-reversed laser. Indeed, 
the relation between gain and loss is similar to the TR pair of source 
and sink. A coherent perfect absorber has been successfully dem-
onstrated in experiments in a number of 1D systems31–34, but its 
full potential in handling 3D wave fields remains beyond reach. 
Our absorber demonstrates near-unity absorption in three dimen-
sions. Further improvement on the absorption performance may 
be possible by considering objects with exact spherical symmetry. 
For example, bubbles21 and porous silicone spheres35 may be good 
candidates for ultrasound.

On another note, by realizing sub-diffraction focusing, our 
experiment indicates that subwavelength perfect absorbers can 
have a complex impact on the local shape of 3D wave fields. This 
phenomenon is very different from 1D systems, in which the main 
outcome of perfect absorption is the elimination of waves. Through 
careful design, strategically introduced subwavelength 3D per-
fect absorbers may generate a desirable wave field by the selective 
removal of waves from the system. To expand on this idea, we can 
even envision a new class of metamaterials that consist of either 
exclusively subwavelength absorber building blocks, or specific 
combinations of absorbers and scatterers, arranged in a lattice or in 
disorder. Their potential to manipulate and control wave propaga-
tion invites further investigations in the future.
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We have presented a clear physical demonstration of the creation 
of an anti-causal Green’s function in a large portion of 3D space. This 
leads to an interesting way to use a passive subwavelength absorber 
to focus wave energy to subwavelength scales, which can be useful 
for many applications where high energy density in a small region 
is desirable, such as lithography, seismology, ultrasonic cutting and 
ultrasonic scalpels. We may also ask the question of whether this 
concept can also be useful for better spatial resolution in imaging. 
The answer is not simple. In our approach, the exact positioning of 
the absorber at the point where the converging wave focuses is a key 
point. However, the imaging process is very different. To make an 
image from the object’s scattered field, we have to back-propagate 
this field to build the image. This step is usually performed in a 
computer by software (digital holography). Therefore, as the exact 
shape and position of the object is unknown, it is very difficult to 
compute a perfect absorber exactly matched to the object shape36. 
However, for sparse objects made of a limited number of point scat-
terers, this concept can be of interest to better localize each scatterer.

Methods
Methods, including statements of data availability and any asso-
ciated accession codes and references, are available at https://doi.
org/10.1038/s41567-018-0082-3.
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Methods
Time-reversal experiment. We perform the TR experiment for airborne sound 
in our laboratory room12, which has dimensions of 9.0 m (length) ×  6.0 m 
(width) ×  4.5 m (height). At 800 Hz, the room is in the reverberant regime37.  
A reverberant room is ideal for TR re-focusing experiments, compared with an 
anechoic chamber. In an anechoic chamber, a large spatial sampling rate, and 
therefore an unrealistically large number of sensor/speaker channels, are required 
to completely cover the enclosing surface of the source. In a reverberant room, the 
sound emitted by the source is multiply scattered by the boundaries and various 
objects. Consequently, waves take multiple paths to arrive at any microphone. 
As a result, a very long signal (coda) is recorded with each microphone, which 
contains information about waves arriving via multiple different paths. A direct 
consequence is that the spatial sampling rate can be drastically reduced. Therefore, 
we are able to perform a near-perfect TR experiment with only 16 channels of 
speakers/sensors27.

The TR experiment consists of two steps. There are two alternative methods 
for the first step. In the first method, a short pulse is emitted by a monopole 
source, which is an omni-directional speaker assembly placed in an empty part of 
the laboratory. The speaker has the same size as the absorber. The emitted signal 
covers a bandwidth of 100–1,500 Hz. Sixteen microphones are placed around the 
laboratory to record the acoustic signals. The received signals, which are essentially 
the impulse responses of the room, consist of the sound that takes a direct path 
(from the speaker to one microphone), as well as the sound that has been multiply 
scattered off the walls and obstacles. In the second step of the experiment, we 
remove the omni-directional speaker. The recorded signals are flipped in time in 
a computer, and then emitted by another set of 16 loudspeakers that are placed at 
the same positions as the microphones. The TR invariance guarantees that these 
waves must retrace their original propagation paths to converge to the origin 
to reconstruct the pulse. As the original emission is a monopole radiation, the 
TR revival waves must focus isotropically in all spatial dimensions, forming a 
converging spherical wave.

The alternative method for the first step of the TR experiment is to exploit 
the spatial reciprocity of the wave equation. It tells us that the role of a source 
and a receiver can be reversed, giving rise to the same impulse response in any 
stationary medium. Therefore, for the measurement of the impulse response, the 

position of the receiver and transmitter can be exchanged. To elaborate, emitting 
a short pulse from the source point xs and recording with a microphone at Xm, we 
obtain the impulse response G(xs,Xm,t). (This is the way to measure the signals 
to be time-reversed in the method described above.) We can also directly use the 
loudspeaker located at position Xm as the source, and record the signal with one 
microphone located at xs. The recorded signal is G(Xm,xs,t). Spatial reciprocity 
tells us G(xs,Xm,t) =  G(Xm,xs,t). Each loudspeaker emits individually, so that the 
microphone records 16 sets of signals, which are time-reversed for re-emission in 
the second step. The two techniques are equivalent, since the microphone we use is 
a monopolar one. This method also simplifies the experimental set-up by requiring 
only one microphone that is placed at the focus point. We have compared these 
two methods in experiments, and found almost no difference.

Membrane absorber. The membrane absorber consists of a decorated membrane, 
and a small air cavity behind it. Each membrane has the shape of a regular 
pentagon with a side length of 25 mm. It is evenly stressed and fixed at the 
edges; and is decorated by a circular platelet with a radius of 3.5 mm, weighing 
0.05 g; and a plastic ring with an inner radius of 11 mm and an outer radius of 
12 mm, weighing 0.15 g. The cavity, fabricated using 3D printing, is a pyramid 
with a height of 31 mm. The air cavity induces the membrane’s second and third 
eigenmodes to hybridize, forming a new set of ‘hybridized resonances’, of which the 
membrane’s vibration profiles are the superposition of the membrane’s eigenmodes 
(Supplementary Fig. 2). Twelve identical units are assembled into a dodecahedron 
with a radius of 4 cm that has a symmetry close to a sphere. Our measurements 
show that the structure attains near-perfect absorption of spherical incident  
waves near 795 Hz.

Data availability. The data that support the plots within this paper and other 
findings of this study are available from the corresponding authors upon 
reasonable request.
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