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We revisit the classical problem of granular hopping conduction’s σ ∝ exp[−(To/T )
1/2] temperature

dependence, where σ denotes conductivity, T is temperature, and To is a sample-dependent constant.
By using the hopping conduction formulation in conjunction with the incorporation of the random
potential that has been shown to exist in insulator-conductor composites, it is demonstrated that
the widely observed temperature dependence of granular hopping conduction emerges very naturally
through the immediate-neighbor critical-path argument. Here, immediate-neighbor pairs are defined to
be those where a line connecting two grains does not cross or by-pass other grains, and the critical-path
argument denotes the derivation of sample conductance based on the geometric percolation condition
that is marked by the critical conduction path in a random granular composite. Simulations based
on the exact electrical network evaluation of finite-sample conductance show that the configuration-
averaged results agree well with those obtained using the immediate-neighbor critical-path method.
Furthermore, the results obtained using both these methods show good agreement with experimental
data on hopping conduction in a sputtered metal-insulator composite Agx(SnO2)1−x, where x denotes
the metal volume fraction. The present approach offers a relatively straightforward and simple expla-
nation for the temperature behavior that has been widely observed over diverse material systems, but
which has remained a puzzle in spite of the various efforts made to explain this phenomenon.
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1 Introduction

In diverse composite materials comprising small con-
ducting grains dispersed in an insulating matrix, an al-
most ubiquitously-observed temperature dependence of
the conductivity is given by σ = σo exp[−(To/T )

1/2],
where σo and To are the sample-dependent constants,
and T denotes the temperature [1–9]. This temperature
dependence is noted to differ from that for the three-
dimensional variable-range-hopping (VRH) conduction
σ = σo

V RH exp[−(T o
V RH/T )1/4] not only in the value

of the exponent (1/2 vs. VRH’s 1/4), but also in the
implied underlying physical picture of the hopping sites
[10, 11]. Here T o

V RH and σo
V RH are the VRH conduc-

tion constants related to the particular sample. Whereas
in VRH the sites are point-like impurities with random

on-site potentials [10–14], in granular hopping (GH) the
sites are conducting grains with a distribution of size d.
In hopping conduction the conductance Γij between two
sites i and j is given by the product of probabilities for
thermal activation and tunneling [15–18]:

Γij = Γo exp[−Eij/(kBT )] exp(−2χSij), (1)

where Γo is a constant for a given sample or hopping
conduction network, χ = ξ−1 is the tunneling constant
with ξ being the decay length of the wavefunction in
the insulating matrix, Sij is the tunneling distance be-
tween the two sites, kB denotes the Boltzmann constant,
and Eij = (1/2)[|Ei − Ej | + |Ei − µF | + |Ej − µF |].
Here Ei and Ej are the capacitive charging energies of
grains i and j, respectively; and µF denotes the chem-
ical potential for the whole sample. Since the capaci-

© Higher Education Press and Springer-Verlag GmbH Germany, part of Springer Nature 2018



Research article

tive charging energies Ei and Ej are always positive and
above µF , it follows that by letting µF = 0 in what
follows, we have Eij = max[Ei, Ej ], which can be sim-
ply understood by the fact that if Ei > Ej , then the
transition from i to j involves the activation probabil-
ity exp[−Ei/(kBT )] for the charge carrier being on site
i in the first place. But if the transition is from j to
i, then it involves the product of two activation prob-
abilities exp[−Ej/(kBT )] exp[−(Ei −Ej)/(kBT )], which
again leads to exp[−Ei/(kBT )]. The same argument ap-
plies if Ej > Ei so that the activation probability is given
by exp[−Ej/(kBT )] for transition either from i to j, or
from j to i. In equilibrium and at absolute zero temper-
ature, all grains are assumed to be electrically neutral.

A crucial element of GH lies in the fact that Ei

is the capacitance (charging) energy of grain i and
hence proportional to 1/di [1, 3], where di denotes the
size/diameter of grain i. Below we shall assume the par-
ticles to be roughly spherical in shape so that Ei =
2e2/κ(x)ηidi, where e is the electronic charge, κ(x) is
an effective dielectric constant of the composite whose
value is a function of the average volume fraction x of
the conducting grains. A dimensionless random constant
ηi is introduced to account for the deviation from κ(x)
owing to local dielectric screening environment of grain i.
The average of ηi should be around 1. Since ηi is always
multiplied with di, its effect may be regarded as a renor-
malization of the grain diameter, i.e., ηidi = d

(e)
i , so that

Ei = 2e2/κ(x)d
(e)
i . The distribution of d(e)i should differ

quantitatively from the distribution of the physical grain
size di, but can remain qualitatively similar.

In a granular medium the Fermi energies of the neutral
grains need not be at exactly the same level, owing to
the existence of local electrical potential variations aris-
ing from charge trapping centers, which naturally exist
in the dielectric, as well as interfacial (between metal
and insulator) states that can cause random potentials
on the order of tens of millivolts. This point has been em-
phasized by Adkins [19, 20] based on the experimental
results on the electrical field effects [21–24]. He proposed
the existence of a random potential that has a distribu-
tion f(E) which is flat between ±Ei/2, and zero beyond
that. That is, f(E) = 1/2Ei for |E| < Ei and zero oth-
erwise. This flat distribution of the random potential is
supported by the frequency-dependent tunneling experi-
ment of Cavicchi and Silsbee [23], which also showed that
such a random potential distribution is consistent with
the zero-bias tunneling conductance suppression. Hence
the Fermi levels of the grains can be shifted by the ran-
dom potential up to ±Ei/2.

Since Ei ∝ 1/d
(e)
i , its distribution is generally as-

sumed to follow a log-normal distribution N(Ei) [19, 25];
the reason (for the log-normal distribution) is that the
granular metals are usually fabricated through the co-

sputtering or evaporation approach. And the grains are
formed through surface diffusion on the substrate that
results in aggregation, via a random coagulation process
that can be mathematically represented by the multipli-
cation of independent random variables with a Gaussian
distribution. Hence the logarithm of the final grain size
should be normally distributed. Given N(Ei), the effect
of the random potential can be accounted for by the con-
volution [19] of N(Ei) with f(E − Ei), i.e., the charge
carrier excitation energy distribution is given by

D(E) =

∫ ∞

0

N(Ei)f(E − Ei)dEi. (2)

We show below that the random potential, in conjunc-
tion with the charging energy, is responsible for granular
hopping’s temperature dependence. If we use the form
of f(E) given above, then the excitation energy distri-
bution D(E) is essentially flat up to the peak energy of
the lognormal distribution, after which it drops to zero
in a smooth manner.

It should be especially noted that the approach pre-
sented in this work does not require a broad distribu-
tion of grain sizes or the charging energy. In fact, the
present approach works perfectly well in yielding the ob-
served granular hopping’s characteristic temperature de-
pendence for fairly narrow size distributions, which are
actually the case determined experimentally.

There are a number of theories attempting to ex-
plain the σ = σo exp[−(To/T )

1/2] temperature depen-
dence of the GH conduction [1, 3, 26–28]. However, each
suffers from either un-reasonable values of the param-
eters required to fit the data, or unreasonable assump-
tion(s) about the detailed microstructure of the granular
medium [2, 20, 29–31]. In particular, there is an other-
wise very successful theory, based on the constancy of
the relative volume fraction x of the conducting grains,
imposed upon each Γij , an assumption (constancy of x)
that can only be valid when averaged over the whole
sample [1, 3, 32, 33]. That is, since Ei = 2e2/κ(x)di
(the effect of the local dielectric screening environment
was ignored in such an argument, i.e., ηi was set to be
equal to 1) and if we assume that Sij/di = µ depends
only on the metal volume fraction x, then it follows that
we can write Γij = Γo exp[−Eij/(kBT )] exp(−2χSij) =

Γo exp
[
− 2e2µ

κ(x)SijkBT − 2χSij

]
. The exponent, as a func-

tion of Sij , now has a maximum the position of which
is obtainable by taking the derivative with respect to
Sij and setting the result to zero. By substituting the
maximum value of Sij , (Sij)max, back into the exponent
and taking that as the sample conductance, one imme-
diately obtains the exp[−(To/T )

1/2] temperature depen-
dence. However, since Sij/di = µ cannot be valid for each
individual Γij , hence the validity of this whole approach
has been called into question. In this context, we recall
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a similar situation in the early days of Mott’s proposed
scenario for the VRH [10], in which the constancy of the
density of states ρ of the impurity sites was used to re-
late the Eij and Sij . The σ = σo

V RH exp[−(T o
V RH/T )1/4]

form was obtained through exponent optimization, in a
similar manner as described above, except now ρ = ρo =

(EiS
d̃
ij)

−1 implies an exp[−(T o
V RH/T )1/(d̃+1)] tempera-

ture variation, with the exponent value 1/4 for sample
dimensionality d̃ = 3 [10, 11]. A similar (valid) criticism
can be leveled at such an argument, since the density of
states is inherently a concept valid only when considered
with respect to the whole sample, instead of being valid
for each hopping site and its immediate neighboring en-
vironment [10, 11].

Another popular theory for granular hopping is that
by Efros and Shklovskii (ES for short) [12], in which the
T−0.5-law is derived by considering VRH in the presence
of a (soft) Coulomb gap. However, in a series of papers
plus a review, Adkins had shown that the application
of the ES theory to granular metals is not consistent
with the reasonable values of the parameters required
[2, 19, 34]. We would like to note, however, that the pre-
diction of the ES theory has recently been observed in
low-temperature conduction in antidot graphene [35] and
oxygen deficient ZnO films [36], where its applicability is
not in doubt. As applied to granular systems, however,
the VRH required by the ES theory means that there is
a necessity for a charge carrier on a granule to be trans-
ported to a distant granule (i.e., beyond the immediate
neighbors) in a single step. In order for such a process to
be feasible with some finite probability, it must be sup-
plemented by the so-called co-tunneling process [37] in
which the charge carrier would stopover at some interme-
diate neutral grain on its way to the destination granule.
In order for the intermediate grain to remain neutral,
co-tunneling requires that the intermediate grain either
emit a charge simultaneous with the arrival of the tun-
neling charge carrier, or that the stopover is so short in
duration that the charge on the intermediate grain is in
a quantum mechanical virtual state, hence its charging
energy can be discounted.

It is also to be noted that the exp[−(To/T )
1/2] has

been demonstrated numerically from non-nearest neigh-
bor hopping [38].

In contrast to the ES theory, in the present ap-
proach the granular hopping law is shown to be deriv-
able with consideration of immediate-neighbor hopping
only, which is more physical for the diverse material
systems to which the GH behavior applies. In particu-
lar, no co-tunneling process is necessary since only hop-
ping between immediate neighbors is required. Here the
term “immediate neighbor” is defined to mean that the
straight line connecting the centers of two immediate-
neighbor grains, does not either cross, or pass by, a third

grain or other grains. Due to surface or shape irregular-
ities, the distance of closest approach between the sur-
faces of two immediate neighbor grains, i.e., tunneling
distance, can vary within a range that may be specified
by a distribution function. Hence even though the hop-
ping is limited to immediate neighbors only, one can still
have a (limited range) variable range hopping since the
tunneling distances among the immediate neighbors can
vary, in contrast to the “nearest neighbor” connotation
which implies a fixed minimum separation.

It is the purpose of this work to show that the criti-
cal path method (CPM), first proposed by Ambegaokar,
Halperin, and Langer [16], can be adapted to derive the
σ = σo exp[−(To/T )

1/2] temperature dependence for GH
conduction in the context of immediate-neighbor hop-
ping. The argument is the same to that used to justify
the σ = σo

VRH exp[−(T o
VRH/T )

1/4] form for VRH, based
on the constancy of the density of states ρ. However, here
we use the CPM in the context of immediate-neighbor
hopping, instead of the VRH in which hopping conduc-
tion to all sites is allowed. This difference implies a devi-
ation from the traditional use of density of states in the
CPM. Instead, we appeal directly to the distributions of
the charge carrier excitation energy and the tunneling
distance. This aspect is made explicit below in Section
3.

2 The critical path argument

Consider a system of random sites with Γij being the con-
ductance between any two localized sites i and j. Pick a
value of Γ and consider the immediate-neighbor pair ij
connected if Γij ≥ Γ and disconnected otherwise. If Γ
is sufficiently large, then only a few Γij ’s can satisfy the
connection criterion, and the connected sites would form
only disjoint clusters. Now lower the value of Γ and ap-
ply the connection rule again. More links will be added
to the existing clusters. By lowering Γ continuously, the
average size of the connected clusters will increase in
size until at Γ = Γc, the percolation conductance, an
infinite network of connected sites is obtained. The fact
that there must be such a Γc is guaranteed by the phe-
nomenon of percolation.

It is argued that Γc, with the immediate-neighbor pair
conductance given by the form of Eq. (1), must be rep-
resentative of the sample conductance up to a (non-
exponential) factor [39]. The reason is that for Γij ≥ Γc,
the network is not percolating, and the last added resis-
tance with the value of (Γc)

−1 must be in series with all
the (Γij)

−1’s that are exponentially smaller than (Γc)
−1,

owing to the exponential dependence of Γij on the ran-
domly distributed parameters Eij and Sij . It follows that
the sum of all the exponentially small resistances would
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amount to at most a non-exponential multiplicative fac-
tor to Γc. Similarly, the conductance Γij that satisfy
Γij ≤ Γc are in parallel to Γc (since they offer alterna-
tive paths of conduction). But these conductances must
be exponentially smaller than Γc, again owing to the ex-
ponential dependence of Γij on Eij and Sij . Hence the
net effect is that all the other values of Γij that are not
in the vicinity of Γc can at most contribute a constant
multiplicative factor that is not too large.

To examine the temperature dependence of Γc, let us
consider the equality Γij

∼= Γc, or

Γc
∼= Γo exp[−Eij/(kBT )] exp(−2χSij). (3)

Here Γc is the conductance of the critical percolating net-
work, determined by the critical conduction condition as
specified by Eqs. (4) and (5) below. In what follows we
show that the temperature dependence of GH is deriv-
able from the CPM with minimal numerical input. The
accuracy to which Γc can describe the conductance of
the whole sample may be checked by numerical simula-
tions. Our simulations, based on the immediate neighbor
hopping model, yield excellent agreement with the CPM.

By taking the logarithms of both sides of Eq. (3) and
using the expression Eij = max[Ei, Ej ], we obtain

Sij

Sm
+

max[Ei, Ej ]

Em

∼= 1, (4)

where

Sm =
1

2χ
ln Γo

Γc
, (5a)

Em = kBT ln Γo

Γc
. (5b)

In Eq. (4), if Sij and max[Ei, Ej ] are respectively re-
placed by their values at the critical bond in the perco-
lation cluster, it can be shown through simulations that
the equality is indeed very well satisfied.

It is noted that the critical conductance condition as
specified by Eqs. (4) and (5) can be achieved by an infi-
nite number of combinations of Eij and Sij between the
immediate-neighbor pairs, as can be seen from Eq. (3) or
Eq. (4). As long as Sij and Eij are smaller than their re-
spective Sm and Em, one can have an infinity of possible
choices for the two fractions that add up to 1 in Eq. (4).
Hence Sij and Eij may be regarded as independent ran-
dom variables. We elaborate on this point below.

In Eq. (4), if the left hand side is less than 1, then Γij ’s
are much larger than Γc (owing to the exponential depen-
dence on the parameters), and the connected clusters do
not percolate. However, if the left hand side of Eq. (4) is
greater than 1, then the Γij ’s are exponentially smaller
than Γc. By using the rule of our pair connectivity as
stated above, there can be many different percolating

paths. For example, if we regard the left hand side of
Eq. (4) as the sum of two random numbers each rang-
ing from zero to one, then the probability of having the
value (of the sum) around 1 is the highest, since there is
a maximum number of combinations, and each random
number can fully access the full range of [0, 1]. This is
in contrast to the probability of having the value around
0 or 2, in which the combination is unique, and each
random number on the left hand side must each be lim-
ited to be around either 0 or 1. Hence the probability of
having such values is much smaller. From this simple dis-
cussion it is clear that (i) the immediate-neighbor CPM
can treat the energy of activation and the tunneling con-
duction as two random variables, fully compatible with
the requirement of a random medium, and (ii) there is a
wide range of possible choices for the combination of the
two parameters to achieve the critical conductance that
can be representative of the sample conductance.

As Sm and Em both contain Γc in their definitions,
and as temperature T is present in Em, it requires only
a relationship between Sm and Em to deduce the temper-
ature variation of Γc and hence that of the whole sample.
In particular, if it can be shown that EmSm = constant,
then from Eqs. (5a) and (5b) one can immediately deduce
Γc ∝ exp[−(To/T )

1/2], i.e., our goal is achieved. Below
we demonstrate that precisely such a relation can be ob-
tained by considering the average number of conducting
bonds per site bc (i.e., Γij ≥ Γc, alternatively denoted the
average number of bonds per site) on the critical perco-
lating network when percolation occurs. In our present
case the value of bc (≈ 1.5 for the 3D simple cubic lattice
[40]) should be that when only the immediate-neighbor
hopping is considered.

3 Critical path derivation of the temperature
dependence

3.1 Model system

To proceed further, we model our granular system by
grains arranged in a (locally) simple cubic geometry, with
6 neighbors. The conducting grains are roughly round in
shape and can have a distribution of diameters. However,
the width of the size distribution should be relatively
small. The shape can also deviate from a perfect sphere,
so that the closest separation between the surfaces of
the neighbors (i.e., the tunneling distance) can have a
distribution. Below we calculate the average parameters
of the system by assuming spherical grains.

If the grains are spherical with an average diameter d,
and if the average distance of closest approach is S, then
the volume fraction of conducting grains is given by the
volume of the grain, (π/6)d3, divided by the volume of
the simple cubic unit cell, (S + d)3, i.e., x = (π/6)d3

(S+d)3 =

137205-4
Tsz Chun Wu, Juhn-Jong Lin, and Ping Sheng, Front. Phys. 13(5), 137205 (2018)



Research article

0.524
[1+(S/d)]3 . Here the averaged ratio S/d = µ is a constant
of the sample, given by µ = (0.524/x)1/3 − 1. We as-
sume that the distance of closest approach between the
surfaces of two immediate neighbors can have a distri-
bution, physically caused by the grain size variation, or
surface or shape irregularities of the grains.

3.2 Evaluation of bc by using excitation energy and
tunneling distance distribution functions

The calculation of bc, which again is an average quan-
tity, involves simple counting [39]. That is, if we allow
E(= Ei) and S(= Sij) to fluctuate independently as ar-
gued above, then the average number of bonds emanat-
ing from each grain, for the critical percolation network,
can be evaluated as the product of Z, the number of
immediate neighbors, with the probability of having a
“conducting bond” emanating from a grain in the criti-
cal percolation network. The definition of a “conducting
bond” is defined in the previous section, i.e., any bond
that satisfies the condition Γij > Γc within the critical
percolation network. The above condition can be math-
ematically expressed as

bc = Z

∫ Sm

0

dS
∫ Eu

0

dE[D(E)G(S)], (6)

where Z (= 6 for the simple cubic geometry) denotes the
number of immediate neighbors, Eu = Em(1−S/Sm) is
the upper bound of the excitation energy in the criti-
cal network, as governed by Eq. (3), and D(E) is given
by Eq. (2). Here G(S) denotes the distribution of S,
taken to be a flat distribution with width 2So, i.e.,
G(S) = 1/(2So) for 0 ≤ S ≤ 2So, and zero otherwise,
and D(E) represents the distribution of the excitation
energies for the charge carriers given by Eq. (2). Equation
(6) is noted to differ from the traditional CPM approach
of using the density of states ρ to evaluate bc. However,
the basic logic remains the same, and the direct use of
the distribution functions is statistically accurate for the
physical scenario of immediate neighbor granular hop-
ping. We would also like to remark that Eq. (6) cannot
be used for the traditional VRH scenario because in that
case the number of “neighbors” for hopping conduction
is not well-defined, i.e., theoretically Z → ∞; hence the
use of ρ for the evaluation of bc, in the VRH context, is
a rather unique choice.

3.3 Emergence of the granular hopping conduction’s
temperature dependence

To use Eq. (6) in the context of a physical model system
(such as the model used in the simulation, presented be-
low), we replace Sm and Em in Eq. (6) by the parameters
Smax and Emax which denote, respectively, the upper

bounds of inter-grain tunneling distance and excitation
energy of the percolating cluster, i.e., Smax = max(Sij)
and Emax = max(Eij). By using Smax and Emax, one
can avoid the a-priori knowledge of Γc, which requires
the solution of the problem. In the simulations, Smax

and Emax are shown to be proportional to Sm and Em,
respectively, with respective proportionality constants
β = βS = βE

∼= 0.9, defined by βS = ⟨Sm/Smax⟩
and βE = ⟨Em/Emax⟩, where Sm and Em are given by
Eqs. (4) and (5), respectively, with the conductance Γc

obtained self-consistently from the simulation results.
Let us denote I(Eu) =

∫ Eu

0
D(E)dE and J(Smax) =∫ Smax

0
G(S)dS. It is clear that J(Smax) = Smax/(2So). In

Fig. 1 we plot the typical behavior of I(Eu) as a function
of Eu. It is found that the function is a linear function of
Eu that saturates at large values of Eu (which applies to
high temperatures). This behavior follows directly from
the constancy of D(E) in the low energy regime. It fol-
lows that if we confine ourselves to the low temperature
regime, then (by using the fact that Smax and Emax are
proportional toSm andEm, respectively)

bc ∝ EmaxSmax ∝ EmSm. (7)

Since we have already argued in the previous section that
the constancy of the product EmSm implies the GH con-
duction behavior, it follows from Eq. (7) that at low
temperatures at least, the GH conduction must follow
the behavior

Γc = Γo exp[−(To/T )
1/2]. (8)

An analytical expression for To may be obtained by eval-
uating the slope of I(Eu) in the limit of Eu → 0. The
result is

T0 = 5.2
β2χbcµe

2

kBκ(x)
, (9)

which represents an upper bound to the value of To. Here
κ(x) = ε[1 + 1/2µ(x)] is the dielectric constant that can
vary as a function of composition [1, 9]. The derivation
of Eq. (9) is given in the Appendix, in which the value
of Z = 6 and the width of the lognormal distribution,
ωE = 0.2, are both taken into account in arriving at the
numerical constant of 5.2 in Eq. (9).

We note here that the linear behavior of I(Eu) vs.
Eu, at the lower section of the curve, is independent of
the parameter values. Hence the temperature variation as
displayed by Eq. (8) is a direct consequence of the flat-
ness of the distributions D(E) and G(S). Hence the tem-
perature dependence of granular hopping should be very
broadly applicable to a wide range of granular systems.
The slope of the linear section, however, is dependent
on the value of x, as well as on the average number of
immediate neighbors. The specific parameter values are
given in the caption of Fig. 1.
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Fig. 1 Plot of I(Eu) against Eu/Eo. The width of the log-
normal distribution N(E), ωE , is taken to be 0.2 so as to
be in agreement with the experimentally measured grain size
distribution as given in Ref. [9]. The red dashed line shows
the linear regime of I(Eu) at small values of Eu/Eo. It can be
seen that I(Eu) begins to saturate at Eu/Eo ≥ 2, contribut-
ing to the transition from the 1/

√
T behavior to the ther-

mal activation (1/T ) behavior of ln(Γo/Γc) shown in Fig. 2.
While the linear behavior of I(Eu) vs. Eu/Eo at the lower
section of the curve is perfectly general, the slope of the linear
section is dependent on the values of the composition x, as
well as the number of immediate neighbors. In the text it is
shown that the linear section of the curve is responsible for
the granular hopping conduction’s widely-observed tempera-
ture dependence. Hence the functional behavior of Eq. (8) is
general; it is a direct consequence of the critical path argu-
ment as applied to the immediate neighbor hopping model.
For the slope of the linear section of the curve shown we have
used ε = 15, µ = 0.17, χ = 0.09 Å−1, β = 0.9 and bc = 1.5.
The value of µ = 0.17 is noted to be consistent with x = 33%,
which is the composition value of the Agx(SnO2)1−x sample
whose temperature dependence of conductance is compared
with the theory prediction in Fig. 2.

3.4 Direct numerical solution of Eq. (6) and comparison
with the experiment

If we take into account the accurate behavior of I(Eu),
then a numerical solution of Eq. (6) yields an extremely
good 1/

√
T behavior for the logarithm of resistance over

a very broad range of temperatures, with only a slight
deviation at higher temperatures. This is shown in Fig. 2
for the same parameter values used in Fig. 1. The higher
temperature deviation, due to the saturation behavior of
I(Eu), is necessarily in the nature of 1/T thermal activa-
tion (which would appear as a quadratic variation in the
1/

√
T plot). This is not surprising, since at infinite tem-

perature the conduction should be dominated by thermal
activation only, and the slope of 1/T is given by the max-
imum activation energy in the percolation path. But up
to 100 K, the 1/

√
T behavior is an extremely good de-

scription of GH conduction. In Fig. 2 we also show the

experimental data on a sample of Agx(SnO2)1−x with
x = 33%. It is seen that the comparison between theory
and experiment yields extremely good agreement.

We emphasize that the linear behavior at the lower
section of the I(Eu) vs. Eu is independent of the pa-
rameter values, hence the functional form of Eq. (8) is a
general consequence of the critical path argument as ap-
plied to the immediate neighbor hopping. The value for
To, Eq. (9), however, depends on the composition x as
well as on the average number of immediate neighbors,
e.g., on whether simple cubic or hexagonal closed-packed
geometry is chosen. For the present case, locally simple
cubic geometry with Z = 6 is seen to yield very good
agreement with the experimental result.

4 Discussion

The physical picture of this derivation is that the GH
conduction’s temperature dependence arises from the

Fig. 2 Plots of the logarithm of resistance versus 1/
√
T .

The theory curve (blue) is obtained by solving Eq. (6) for
ln(Γo/Γc) numerically with the same parameter values as
those used in Fig. 1, i.e., ε = 15, µ = 0.17, χ = 0.09 Å−1,
β = 0.9 and bc = 1.5. The composition value x = 33%, used
in both theory and simulation, is that determined experimen-
tally for the Agx(SnO2)1−x sample [9]. The linear regime of
ln(Γo/Γc) corresponds to the granular hopping behavior be-
low 100 K while the quadratic regime of the curve corresponds
to thermal activation behavior at higher temperatures. The
experimental curve (black squares) is reproduced from the ex-
perimental data on Agx(SnO2)1−x [9]. The simulation curve
(red dots) is obtained by numerically evaluating the conduc-
tance of the system based on Kirchhoff laws on a 10×10×10
simple cubic resistance network, averaged over 20 configura-
tions. By using a least square fit, the simulation result for
T0 is found to be 231 K. The solution to Eq. (6), for tem-
peratures below 100 K, yields a To = 255 K. It is noted that
the agreement between theory and experiment is extremely
good.
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bounds on the percolating conduction paths’ tunneling
and activation parameters, imposed by the average com-
position of the sample. It relaxes considerably the mi-
croscopic constraint imposed by the previous theories
[3, 32, 33]. In particular, if now we substitute Eq. (8)
back into Eq. (4) and Eq. (5), then Em = kB

√
ToT

and Sm = 1
2χ

√
To

T . That is, the range of allowed acti-
vation energy diminishes as the temperature is lowered
(i.e., shifts to larger grains), whereas the allowed maxi-
mum tunneling distance is increased at the same time.
However, one can still have an infinity of possible com-
binations of both parameter values, as long as their sum
satisfies the criterion

2χSij√
To/T

+
Eij

kB
√
ToT

∼= 1. (10)

The fact that the values of Sm and Em have this type of
relationship precisely reflects the overall compositional
constancy, as evidenced in the presence of the parame-
ter µ in the To expression. The immediate-neighbor CPM
approach is able to translate this very weak constraint
into the widely observed σ = σo exp[−(To/T )

1/2] behav-
ior.

5 Numerical simulations

We have performed simulations on 3D simple cubic re-
sistance network by calculating the conductance of the
system by using Kirchhoff’s laws through nodal analysis.
We will use the parameters of an experimental granu-
lar system, Agx(SnO2)1−x, which demonstrates excel-
lent granular hopping conduction behavior [9]. The ex-
citation energy of the immediate-neighbor grains is ex-
tracted from a log-normal distribution, N(Ei), of the
charging capacitance energy, convolved with a random
disordered potential as given by Eq. (2). Here Ei is the
capacitive charging energy of grain i. The most probable
value in the log-normal distribution of Ei is taken to be
Eo = 2e2/κ(x)d(e) = 6 meV, with ε = 15, µ = 0.17 (cor-
responding to x = 33%, in anticipation of comparison
with the experimental data with the same value of x),
and the width of the distribution is taken to be ωE = 0.2,
which is obtained from the experimentally determined
grain size distribution given in Ref. [9]. It is to be noted
that ωE = 0.2 represents a relatively narrow size distri-
bution. Here we have assumed d ≈ d(e).

The log-normal distribution is given by [19, 25]

N(Ei) =
1√

2πωEEi

exp
[
− ln2(Ei/E0)

2ω2
E

]
. (11)

The inter-grain separation between the immediate neigh-
bors is assumed to obey a flat distribution having a mean

value of S0 = 14 Å, with χ = 0.09 Å−1, so that conforms
with µ = 0.17. It is to be noted that the model used
in the present simulation is entirely consistent with the
immediate-neighbor CPM model.

By averaging over 20 configurations for a 10 × 10 ×
10 simple cubic resistance network, we show in Fig. 2 a
plot of simulated ln(Γo/Γc) as a function of 1/

√
T . The

results of the numerical simulations are seen to be in
excellent agreement with the exp[−(To/T )

1/2] behavior
for both the experimental and theoretical results over the
temperature range of 6 K to 100 K. From the slope, T0

is found to be 231 K. By using the results obtained from
simulations, i.e., β ∼= 0.9 and the parameters bc ≈ 1.5,
ε = 15, µ = 0.17 and χ = 0.09 Å−1 (which can vary
as a function of x, especially close to the metal-insulator
transition) the value of To predicted by Eq. (6) is 255 K,
which is ∼ 10% higher than the simulation result.

To further check the validity of the immediate-
neighbor CPM, we study the temperature dependence
of the two model parameters, the maximum charging en-
ergy Emax and maximum tunneling distance Smax, which
were extracted from the maxima of the bonded sites for
the percolation cluster and are expected to be propor-
tional to Em and Sm, respectively. From our numerical
results, we plot Smax against 1/

√
T and Emax against√

T as shown in Fig. 3. They clearly show the expected
behavior, with the slopes of 106 Å K1/2 and 1.48 meV
K−1/2, respectively. Together with the proportionality
constants β, To can also be determined from the follow-
ing expressions:

Fig. 3 Additional verification of the CPM predictions. (a)
The maximum grain separation Smax on the critical network
plotted as a function of 1/

√
T , and (b) the maximum excita-

tion energy of the critical percolating sites plotted as a func-
tion of

√
T . The solid lines are the least-squares fits to the

plots. They display the predicted temperature dependence
as derived from the CPM approach. The To value obtained
from the slopes is around 270 K, close to the upper bound
prediction of Eq. (9) by using parameters same as those for
Fig. 2.
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Smax =
1

2χβS

√
To

T
, (12a)

Emax =
kB
βE

√
TTo. (12b)

The value obtained for To turns out to be around ∼ 270
K, which is very close to the upper bound value predicted
by Eq. (9).

6 Conclusions

We have revisited the electronic conduction process in
random granular films in the dielectric regime, where
the conducting granules are allowed to possess a distribu-
tion of sizes which, in turn, govern the magnitude of the
charging energy. By taking into account the random po-
tential that can arise from electrical impurities and inter-
facial states, and by employing the critical path approach
applied to the immediate-neighbor pairs of grains, we
show that the well-known fractional exponential temper-
ature behavior of conductivity, σ = σo exp[−(To/T )

1/2],
emerges naturally from the loose constraint of the aver-
age metal volume fraction of the whole sample. Numeri-
cal simulations using realistic material parameters agree
well with the immediate-neighbor critical path method,
as well as with the measured experimental data. The
present approach does not invoke any specific material
properties or compositions, e.g., the uniformity of the
sample (which would be the case for the effective medium
approach) and thus the result should be applicable to a
wide variety of granular composites, as the experimental
results have demonstrated.
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Appendix A Derivation of the expression for
TTT 0

Here we show that the accurate expression of T0 is given
by

T0 =
16βEβSbcE0S0χ

kBZ
exp

(
−ω2

E

2

)
. (A1)

in the limit of small excitation energies (i.e., low temper-
atures).

We start with the expression for the excitation energy
distribution

D(E) =

∫ ∞

0

N(Ei)f(E − Ei)dEi, (A2)

where

N(Ei) =
1√

2πωEEi

e
− 

ln2( Ei
E0

)
2ω2

E , (A3a)

and

f(E) =
1

2Ei
H(Ei − |E|). (A3b)

Here H denotes the step function which has value 1 (0)
for the positive (negative) argument. After some algebra,
D(E) can be re-written as

D(E) =

∫ ∞

0

N(Ei)f(E − Ei)dEi

=
e

ω2
E
2

2E0
√
π

∫ ∞

ωE√
2
+

ln( E
2E0

)
ωE

√
2

e−y2

dy. (A4)

In the small E limit, ωE√
2
+

ln
(

E
2E0

)
ωE

√
2

→ −∞. In this limit,
the integral in D(E) gives

√
π, and thus the value of

D(E) is
exp

(
ω2
E
2

)
2E0

.
Since

E

Em
+

Sij

Sm
≈ 1, (A5)

the upper bound for Sij is

Supper = Sm

(
1− E

Em

)
. (A6)

By using Eq. (6) to carry out the calculation for bc in the
small E limit, we note that the net result of replacing
Sm and Em by Smax and Emax on the right hand side of
Eq. (6), may be captured by just replacing bc by β2bc on
the left hand side of Eq. (6), while maintaining the right
hand side unchanged. Therefore,

β2bc=Z

∫ Em

0

dE
∫ (1− E

Em
)Sm

0

dS[G(S)D(E)]

=Z

∫ Em

0

dE
∫ (1− E

Em
)Sm

0

1

2S0

exp
(

ω2
E

2

)
/2

E0

dS

=Z

(
1

2S0

)exp
(

ω2
E

2

)
/2

E0

∫ Em

0

dE
(
1− E

Em

)
Sm
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=Z

(
1

2S0

)exp
(

ω2
E

2

)
/2

E0

(
1

2

)
EmSm

=
Z
(

exp
(

ω2
E

2

)
/2
)

4E0S0
EmSm

=
Z
(

exp
(

ω2
E

2

)
/2
)

4E0S0

(
kBT0

2χ

)
. (A7)

From Eq. (A7) we obtain

To =
16β2bcEoSoχ

kBZ
exp

(
−ω2

E

2

)
. (A8)

Furthermore, by using E0 = 2e2/(κd) and µ = S0/d, we
have

To =
16β2bce

2µχ

kBκZ(1/2) exp
(

ω2
E

2

) . (A9)

Since exp
(

ω2
E

2

)
/2 ≈ 0.51 and Z = 6, the numerical

coefficient becomes 16/Z(0.51) = 5.2, hence

T0 = 5.2
β2bce

2µχ

kBκ(x)
,

which is Eq. (9) in the main text.
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